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Outline

Abstract

Human knowledge is made up of the conceptual structures of many
communities of interest. In order to establish coherence in human knowl-
edge representation, it is important to enable communcation between the
conceptual structures of different communities The conceptual structures
of any particular community is representable in an ontology. Such a ontol-
ogy provides a formal linguistic standard for that community. However,
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a standard community ontology is established for various purposes, and
makes choices that force a given interpretation, while excluding others that
may be equally valid for other purposes. Hence, a given representation is
relative to the purpose for that representation. Due to this relativity of
represntation, in the larger scope of all human knowledge it is more impor-
tant to standardize methods and frameworks for relating ontologies than
to standardize any particular choice of ontology. The standardization of
methods and frameworks is called the semantic integration of ontologies.

This paper, whose orientation is given in the previous paper “Conceptual:
Institutions in a Topos”, makes two advances: it develops the notion of the
lattice of theories (LOT) facterization, and it offers an order-enriched axioma-
tization that characterizes conceptual structures and the lattice of theories.
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1 Preliminaries

1.1 Elements of Order

A preorder A = (A, <a) consists of a set A and a binary relation <AC A x A
that is reflexive and transitive: a <a a for all elements a € A, and a1 <a ao
and as <a ag implies a3 <A ag for all triples of elements a1, as,a3 € A. Every
preorder A has an associated equivalence relation =5 on A defined by a3 =4 as
when a; <a as and as <a ap for all pairs of elements a1,a2 € A. A partially
ordered set (poset) is a preorder that is antisymmetric: a; =a ag implies a1 = as
for all pairs of elements a1,a2 € A. Any preorder A has an associated quotient
poset quo(A) = [A] = (A/=a, <(a)), Where [a1] <[a] [a1] when a; =4 as.

A monotonic (isotonic) function f : A — B from preorder A to preorder B
is a function f : A — B that preserves (preserves and respects) order: a; <a as
implies (iff) f(a1) <a f(a2) for all pairs of source elements a;,a3 € A. The
composition and identities of monotonic functions can be defined in terms of
the underlying sets and functions. Let Ord denote the category of preorders
and monotonic functions!. There is an underlying functor |-| : Ord — Set
that gives the underlying set of a preorder and the underlying function of a
monotonic function. For every preorder A, there is a surjective canon(ical)
isotonic function [-]a : A — quo(A) where [a]a is the equivalence class of
a € A. For every monotonic function f : A — B, there is a monotonic function
quo(f) = [f] : quo(A) — quo(B) that satisfies the naturality condition f - [-|g =
[la - [f].

Let Ord— C Ord denote the full subcategory of posets and monotonic func-
tions?. There is an inclusion functor incl : Ord— — Ord and a quotient functor
quo : Ord — Ord—. There is a canon(ical) natural transformation 7 : ido,q =
quo o incl : Ord — Ord whose A*'-component is the surjective canonical isom-
etry [-]a : A — quo(A). The quotient functor is left adjoint to the inclusion
functor quo = incl with counit being an isomorphism and unit being the canon.
This adjunction is a reflection: Ord_ is a reflective subcategory of Ord with the
quotient functor being the reflector (Figure 1).

Given two preorders A and Ao, the binary product is the preorder A; x Ay =
(A1 x Ay, <) where (a1,a2) < (af,a)) when a; <a, a} and as <a, a). There

L Also denoted Pre
2 Also denoted Pos



are two component projection monotonic functions 7 : A;xAs — A; and
mo : Ai;xAs — As. This is a categorical product, since given any pair of
monotonic functions f; : C — A4, and f; : C — A, with common source, there
is a unique monotonic function f = (f;,f5) : C — A;x Ay such that f-m = f;
and -9 = f3. This definition can be extended to any finite number of preorders.
The finite product of posets is a poset. Any one element set forms a poset 1
that is the nullary product, since for any preorder A there is a unique (constant)
monotonic function ! : A — 1. Given any parallel pair of monotonic functions
f,g: A — B, the equalizer is the subpreorder E = (E, <) with the Set-equalizer
E={a€ A] f(a) =g(a)} C A and the induced subset order. The inclusion
monotonic function incl : E — A and the composite incl - f =incl-g: E — B
form the limiting cone. Hence, the categories Ord and Ord_ are finite complete,
and the underlying functors preserve these limits.

1.2 Fibrations

In this section consider a functor
P:E— B.

A fiber pair (b,E;) consists of a B-morphism b : By — Bj and an E-object
E; € P71B; over By. An E-morphism e : E; — Ej is cartesian for (b, E1) when
(1) P(e) = b and (2) for any E-morphism v : E — F; and any B-morphism
x : P(E) — By for which z-gb = P(v), there is a unique E-morphism u : E — FEj
such that u -ge = v and P(u) = z. Any two cartesian E-morphisms for (b, E)
are isomorphic; that is, if e : E5 — Ej and e’ : E}, — FE are cartesian for (b, E1),
then Ey 2 E) and there are inverse E-morphisms in the By-fiber, v’ : EFy — E}
and u : Ef — B, with u,u’ € P By, v/ g u = 1p,, u-gu = lp, u ge =e
and u -g e = ¢’. Identities are cartesian; that is, any E-identity 1z : F — E is
cartesian for (1p(g), E). The composition of cartesian morphisms is cartesian;
that is, if eg : E5 — Es is cartesian for (bg, Eo) and e; : Ey — Ej is cartesian
for (b1, E1), then ey g €1 : E3 — Fj is cartesian for (b -g b1, E1). The functor
P : E — B is a fibration when there is a cartesian E-morphism for any fiber pair
(b, E1). Then we say that E is fibered over B, with B the base category and E
the total category of the fibration P.

When the cartesian morphisms for a fibration P : E — B are chosen, P is
said to have a cleavage. Hence, a cleavage for P maps each fiber pair (b, F1) to a
cartesian E-morphism (b, Ey) : B2 — E13. The cleavage v is a splitting of the
fibration P when it satisfies the following two conditions: (1) for any B-object
B with E € P! B, the cleavage of E along the B-identity 15 is the E-identity
v(1g,E) = 1g € P7'B; and (2) for any B-composable pair by : Bz — Bs
and by : By — B; with E-object E; € P™!By, if E; € P~1By is the source
of (b1, E1) then the cleavage of E; along the B-composite bs -g by is the E-
composite v(bs -g b1, E1) = y(ba, E2) -ev(b1, E1). A fibration P is said to be split
when it has a splitting.

3 A more compact notation for the cleavage of a fiber pair (b, E1) is by, b (E1) — FE1.



ﬁEQ-el

ﬁez-b

A(e) E= A(lE) A 62~61> — A(el)
]j 1 ﬂ = A eg'bel) ﬁ
be ¢ 1 bE e b€2'€1 1:€2 I781 o
I \ " % " = bez'belT / I \;\‘
E2 e El E % E E'3 €2 . E2 el . El
B, b B B —2+ B Bs b2 B b By

Figure 2: Special Notation and Concepts

Some special concepts and notation are useful (Figure 2). For any E-morphism
e: By — Eq, the lift of e is the cleavage . = y(P(e), E1) : A(e) — Ey for the
fiber pair (P(e), E1), the apezx of e is the cleavage source A(e), and the gap of e
is the unique vertical E-morphism b, : Fs — A(e) such that e = b, -g .. We can
think of the gap as the embedding of the source Fs into the apex A(e). Thus,
any E-morphism e : Fy — Fj factors as e = b.-gfle : Fo — A(e) — Ej where b, is
a vertical E-morphism and f. is a cartesian E-morphism. This is called the cleav-
age factorization of e. The cleavage factorization of the gap b, has apex A(b.) =
Ale), gap by, =be : By — A(e) and lift §,, = 1a(c) : A(e) — A(e). The cleavage
factorization of the lift §. has apex A(f.) = A(e), gap by, = 1a(e) : Ale) — Ale)
and lift 4, = 8. : A(e) — E1. For any E-object E, the cleavage factorization of
the identity 1z has apex A(lg) = E, and gap and lift by, = #;, = 1g: E — E.
For any composable pair of E-morphisms ey : E3 — FEs and ey : By — Ej,
the diagonal of (e1,ez) is the unique E-morphism de, ., : E5 — A(e1) such
that Oe, e, ‘E fe; = €2 g €1 and P(de, e,) = P(e2), Clearly, de, e, = €2 “E be,-
When P is split, d¢; e, = bez.bq ‘E ﬁ€2'be1 = b62.61 ‘E ﬁeQ'bel’ b€2‘€1 = b€2.|7€1 and
e, = ﬁez‘bel ‘E ;. If an E-morphism e : E3 — E; factors as e = ez ‘g ey :
E3; — Ey — FEy where e is cartesian, then A(e) 2 A(es).

1.3 Factorization Systems

Let C be an arbitrary category. An ordinary factorization system in C is a pair
(E, M) of classes of C-morphisms satisfying the following conditions. Subcat-
egories: All C-isomorphisms are in E N M. Both E and M are closed under
C-composition. Hence, E and M are C-subcategories with the same objects as
C. Existence: Every C-morphism f : A — B has an (E, M)-factorization*;
that is, there is an (E, M)-factorization (4, e, C,m, B) and f is its composition®
f = e-m. Diagonalization: For every commutative square e - s = r - m of
C-morphisms, with e € E and m € M, there is a unique C-morphism d with
e-d =r and d-m = s. This diagonalization condition implies the follow-

4An (E, M)-factorization is a quadruple (4, e, C,m, B) wheree: A — C and m:C — B is
a composable pair of C-morphisms with e € E and m € M.
5In this paper, all compositions are written in diagrammatic form.



ing condition. Uniqueness: Any two (E, M)-factorizations of a C-morphism
are isomorphic; that is, if (4,e,C,m, B) and (A,e’,C’',m’, B) are two (E, M)-
factorizations of f : A — B, then there is a unique C-isomorphism h : C = C’
with e- h = ¢ and h-m’ = m. An epi-mono factorization system is one where
E is contained in the class of C-epimorphisms and M is contained in the class of
C-monomorphisms. For an epi-mono factorization system, the diagonalization
condition is equivalent to the uniqueness condition.

Let C? denote the arrow category® of C. An object of C? is a triple (A4, f, B),
where f : A — B is a C-morphism. A morphism of C?, (a,b) : (A1, f1,B1) —
(As, fa, B2), is a pair of C-morphisms a : Ay — Ay and b : B; — By that form
a commuting square a - fo = f; - b. There are source and target projection
functors 95,0¢ : C2 — C and an arrow natural transformation ac : 9§ = 9% :
C? — C with component ac(A, f,B) = f : A — B (background of Fig. 3).
Let E? denote the full subcategory of C?> whose objects are the morphisms in
E. Make the same definitions for M2. Just as for C2, the category E? has
source and target projection functors 95,0F : E2 — C and an arrow natural
transformation ag : 95 = OF : E2 — C (foreground of Fig. 3). The same
is true for M?. Let E ® M denote the category of (E, M)-factorizations (top
foreground of Fig. 3), whose objects are (E, M)-factorizations (A,e, C,m, B),
and whose morphisms (a,c,b) : (A, e1,Cr,my, By) — (As,ea, Ca,ma, Bs) are
C-morphism triples where (a,c) : (41, e1,C1) — (Ag, ez, Cy) is an E2-morphism
and (c,b) : (Cy,mq, B1) — (C2,msg, By) is an M?-morphism. E® M = E2 x¢c M?
is the pullback (in the category of categories) of the 1%t-projection of E? and
the 0*-projection of M2. There is a composition functor oc : EOM — C? that
commutes with projections: on objects oc(4,e,C,m,B) = (A, e oc m, B), and
on morphisms oc(a, ¢, b) = (a,b).

An (E, M)-factorization system with choice has a specified factorization for
each C-morphism; that is, there is a choice function from the class of C-morphisms
to the class of (E, M)-factorizations mapping each C-morphism to one of its fac-
torizations. With this choice, diagonalization is uniquely determined. When
choice is specified, there is a factorization functor +¢ : C2 — E®M, which is de-
fined on objects as the chosen (E, M)-factorization +c(A4, f, B) = (A,e,C,m, B)
and on morphisms as +c(a,b) = (a,¢,b) where ¢ is defined by diagonaliza-
tion (+c is functorial by uniqueness of diagonalization). Clearly, factorization
followed by composition is the identity +¢c o oc = id¢c. By uniqueness of factor-
ization (up to isomorphism) composition followed by factorization is an isomor-
phism oc 0+ = idE@M.

Theorem 1 (General Equivalence) When a category C has an (E, M)-factorization
system with choice, the C-arrow category is equivalent (Fig. 3) to the (E,M)-
factorization category

C* = EoM.

This equivalence is mediated by factorization and composition.

6Recall that 2 is the two-object category, pictured as @ — e, with one non-trivial morphism.
The arrow category C? is (isomorphic to) the functor category [2, C].



C? = EcoM
oc
(0%
:C> 61C
aC E2 M2

id id

<cooc = idc

oco+c = idE@M
+C(7TEaEO7TMOzM) = Qc

Figure 3: Factorization Equivalence



2 Order-Enriched Categories

2.1 Order-Enriched Categories

An order-enriched category is a category whose “hom-sets” are ordered; that
is, whose hom-objects are in Ord. More precisely, an order-enriched category C
consists of: a set of objects |C| = obj(C); for each pair of objects A, B € |C|, a
hom-preorder C(A, B) = (C(A4, B), <4 p); for each triple of objects A, B,C €
|C|, a monotonic composition function -4 g.¢ : C(4,B) x C(B,C) — C(4,C);
and for each object A € |C|, an monotonic identity element 14 € |C(A4, A)|. A
C-morphism f : A — B from C-object A to C-object B is an element in the
underlying set f € |C(A, B)|. This data is subject to the associative law (using
infix notation for composition) f-4.5,0(9-B,c.0h) = (f-4,B,c9) -a,c,p h for all
composable pairs f : A — B, g: B — C and h : C — D, and the identity laws
on composition 14-4,4,5f = fand f-4 g glp = f for all morphisms f : A — B.
For each pair of objects A,B € |C|, the order <4 p defines an equivalence
relation =4 p on the hom-set |C(A4, B)|. Composition preserves equivalence: if
fis=f: A—>Band g =g2: B — C,then fi g1 = fo-g2: A — C.
The preorder of C-morphisms is the disjoint union mor(C) = [, pe || [C(4, B)|
with the induced order. The opposite order-enriched category of C is another
order-enriched category C°P consisting of: the same class of objects |C°P| = |C|;
for each pair of objects B, A € |C|, the hom-preorder C°P(B, A) = C(A, B)°? =
(C(A, B),>4,) so that a C°P-morphism f : B — Aisa C-morphism f : A — B;
for each triple of objects A, B,C € |C|, the monotonic composition function
9-0p.altf=1Fapcgforany Ccmorphisms f: A — B and g: B — C; and for
each object A € |C|, the monotonic identity element 19" = 14. A C-morphism
f:A— Bisan isomorphism f: A= B when there is an oppositely-directed C-
morphism f~!: B — A called its inverse such that f-f ' =14and f~'- f = 15.
A C-morphism f : A — B is an equivalence f : A = B when there is an
oppositely-directed C-morphism f’ : B — A called its pseudo-inverse such that
f-f'=1pand f'-f =1p. A C-morphism e : A — B is a pseudo-epimorphism
when for any parallel pair of C-morphisms f,g: B — C, ife-c f =e-c g then
f = g. There is a dual definition for a pseudo-monomorphism.

An order-enriched functor F : A — B between two order-enriched categories
A and B, consists of: an object function |F| : |A| — |BJ; and for each pair of ob-
jects A1, A2 € |A], a monotonic function between hom-preorders F(A4;, As) :
A(Aq, A3) — B(|F|(A1),|F|(A2)). This data is subject to the compatibility
law for composition F(A1, A3)(f -a,,45,45 9) = F(A1, A2)(f) “F|(a1),F|(A2).[F|(As)
F(As, A3)(g) for each composable pair f: A; — Az and g : Ay — As, and the
compatibility law for identity F(A, A)(14) = 1jrja) for each object A € |A|.
An involution o« on an order-enriched category A is an order-enriched functor
that is an isomorphism between categories. An involution consists of an ob-
ject bijection (-)* : |A| — |A]; and for each pair of objects Ay, As € |A], an
order isomorphism (-)%, 4, : A°P(Az2, A1) — A(AT, AS) that respects composi-
tion and identities: such that (g-%0 4, 4, F)%, a4, = [& 4, "A1, 45,45 9%, 4,) and
(1Au)1°4"A =14. An object A of an order-enriched category C is a posetal object



when the hom-order C(B, A) is a poset for any objects B € |C|. Let C— denote
the full replete subcategory of all posetal objects of C, and let incl : C— — C
denote the (order-enriched) inclusion functor.

An order-enriched pseudo-natural transformation o« : F = G : A — B be-
tween two order-enriched functors F and G, is an |Al-indexed collection of B-
morphisms {4 € B(|F|(4),|G|(A)) | A € |A|} such that a4, -8 G(A1,A2)(h) =
F(A1, A2)(h) B aa, for every A-morphism h : A; — A,. This equivalence
expresses the pseudo-naturality of «. The vertical composite « e § : F =
H : A — B of two pseudo-natural transformations o« : F = G : A — B
and 3 : G = H: A — B has the component (e §)4 = a4 g Sa for each
A € |A]. The composite K : KoF == KoG: D — Bof K: D — A with
a:F= G:A— B has component (Ka)p = ak|(p) for each D € |D|. The com-
posite aH : FoH = GoH: A —- Cofa: F= G: A — B withH: B — C has com-
ponent (aH) 4 = H(|F|(A), |G|(A4))(a4) for each A € |A]. Because of the pseudo-
naturality of 3, we have the equivalence FGeaK = aHeGg for two pseudo-natural
transformations & : F = G: A — B and f: H= K: B — C. We could choose
either one of these for the horizontal composite a o f: FoH = GoK: A — C.

Adjunctions A C-adjunction g = (left(g), right(g)) = (¢,§) : A = B in an
order-enriched category C consists of a left adjoint C-morphism in the forward
direction left(g) = § : A — B and a right adjoint C-morphism in the reverse
direction right(g) = § : B — A satisfying the adjointness conditions: ao g < b
iff @ < bo g for every C-object C' and every pair of C-morphisms a : C' — A and
b:C — B (or equivalently, 14 < gog and gog < 1p). For any two adjunctions
91,92 : A= B, g1 < g2 when §; < g2 (or equivalently, when g, < g1). Let
Adjc (A4, B) denote the preorder of all C-adjunctions from A to B. Composition
and identities of adjunctions are defined componentwise. Let Adj- denote the
order-enriched category of C-objects and C-adjunctions. Posetal objects and
adjunctions form the full subcategory Adjc = C Adjc. Projecting to the left
and right gives rise to two component order-enriched functors. The left functor
leftc : Adjc — C is the identity of objects and maps an adjunction g : A = B to
its left component leftc(g) = g : A — B. The right functor right¢ : Adj> — C
is the identity of objects and maps an adjunction g : A = B to its right
component rightc(g) = g : B — A. The order-enriched involution isomorphism
(-)> : Adj°® — Adj flips source/target and left/right: (-)™o left = right and
(-)% o right®? = left°P.

Let g : A = B be any C-adjunction. The closure of g is the C-endomorphism
(-)®¢ = gog: A — A Closure is increasing 14 < (-)®¢ and idempotent
(-)®9 o (-)® = (-)*s. Idempotency is implied by the fact that go go g = g. The
closure of any A-element a : 1 — A is the A-element a®s = ao(-)* : 1 — A. The
closure equalizer diagram is the parallel pair 14, (-)®s : A — A. The subobject
of closed elements of g is defined to be the equalizer incl] : clo(g) — A of this
diagram. Being part of a limiting cone, incl§ - (-)*¢ = inclj. An A-element
a:1— Ais a closed element of g when it factors through clo(g); that is, there
is an element @ : 1 — clo(g) such that a is equal to its inclusion a = @ oinclf (or



equivalently, when a is equal to its closure a = a®s). An A-element a : 1 — A
is a pseudo-closed element of g when a is equivalent to its closure a =4 a®s (or
equivalently, when a is equivalent a =4 bo g to the image of some target element
b € B). Any closed element of g is a pseudo-closed element of g. When A is a
poset, the closed and pseudo-closed elements of g coincide.

Let g : A = B be any C-adjunction. The interior of g is the C-endomorphism
(-)°s = gog : B — B. Interior is decreasing 1p > (-)° and idempotent
(-)%9 o (-)° = (-)°¢. Idempotency is implied by the fact that go go g = §. The
interior of any B-element b : 1 — B is the B-element b°7 = bo(-)°s : 1 — B. The
interior equalizer diagram is the parallel pair 15, (-)°? : B — B. The subobject
of open elements of g is defined to be the equalizer incl{ : open(g) — B of
this diagram. Being part of a limiting cone, incl{ - (-)°¢ = incl{. A B-element
b:1 — Bis an open element of g when it factors through open(g); that is, there
is an element b : 1 — open(g) such that b is equal to its inclusion b = b o incl{
(or equivalently, when b is equal to its interior b = b°9). A B-element b:1 — B
is a pseudo-open element of g when b is equivalent to its interior b =g b°s (or
equivalently, when b is equivalent b =5 ao g to the image of some source element
a € A). Any open element of g is a pseudo-open element of g. When B is a
poset, the open and pseudo-open elements of g coincide.

A C-pseudo-reflection is a C-adjunction g : A = B that satisfies the equiv-
alence 1 = (-)°7. Any pseudo-reflection is a pseudo-epimorphism. Let Ref(C)
denote the morphism subclass of all C-pseudo-reflections. A C-reflection is a C-
pseudo-reflection that is strict: it satisfies the identity 15 = (-)%. If g: A= B
is a (strict) C-reflection and the source A is posetal, then the target B is also
posetal. Let Ref(C) denote the morphism subclass of all C-reflections. A C-
pseudo-coreflection is a C-adjunction g : A = B that satisfies the equivalence
14 = (-)*. Any pseudo-coreflection is a pseudo-monomorphism. Let ﬁ\e?x((:)
denote the morphism subclass of all C-pseudo-coreflections. A C-coreflection
is a C-pseudo-coreflection that is strict: it satisfies the identity 14 = (-)®s. If
g : A= Bis a (strict) C-coreflection and the target B is posetal, then the
source A is also posetal. Let Ref™(C) denote the morphism subclass of all C-
coreflections. The involution of a C-pseudo-reflection is a C-pseudo-coreflection,
and vice-versa. A C-isomorphism f : A — B forms an adjunction with its in-
verse (f, f'1> : A = B, which is also called a C-isomorphism. The transpose
<f'1, f) : B = A of a C-isomorphism is also a C-isomorphism. Let iso(C) de-
note the morphism subclass of all C-isomorphisms. A C-equivalence f: A — B
forms an adjunction with its pseudo-inverse (f, f’) : A == B, which is also called
a C-equivalence. The transpose (f’,f) : B &= A of a C-equivalence is also a
C-equivalence. Let equ(C) denote the morphism subclass of all C-equivalences.
Any C-isomorphism is a C-equivalence. A C-morphism is a C-isomorphism iff
it is both a C-reflection and a C-coreflection. A C-morphism is a C-equivalence
iff it is both a C-pseudo-reflection and a C-pseudo-coreflection. The connection
between these morphism classes is summarized as follows.

10



50(C) € equ(C)

Ref(C) C Ref(C)

Ref*(C) C Ref (C)

iso(C) = Ref(C) N Ref*(C)
(© )

equ Ref(C) NRef (C)

Involutions An involution o on an order-enriched category C is an order-
enriched functor (-)™ : C°P? — C that is an isomorphism between categories. An
involution consists of an object bijection (-)* : |A| — |Al; and for each pair of
objects Ay, Ay € |A[, an order isomorphism (-)% 4, : A°P(Az, A1) — A(AT, AS)
that respects composition and identities: such that (g 0?42.,142,141 f)§17A3 =
fffl,Az OCAy,Az, A3 g?l(Q,Ag) and (1A°<)104<,A = 14.

There is an involution on C-adjunctions (-)¢ : Adj(C)°P — Adj(C) that flips
source/target and left/right: (-)C o leftc = rightc and (-)¢ o right?® = left”.
The involution of a C-reflection is a C-coreflection, and vice-versa. There is
a direct image functor dirc : B — Adj(C), where dirc oleftc = 3¢ : B — C
and dirc o right?’ = (f)glop : B — C°P. There is a inverse image functor
invc : B — Adj(C), where invc o leftc = (=)c " : B? — C and invc o right?® =
3¢ : B°? — C°P. Direct is the involution of inverse dirc = inv” o (-)¢.

An involution (-)™ respects a factorization system (E, M) when it maps mor-
phisms in E to morphisms in M and vice-versa.

E =M
M = E
¢ : mor(C) — mor(C)
xgm :E— M
XME - M—E
X¢ - srcc = tgtc
Xc - tgte = srcc
XEM - XME = 1

XME * Xgm = 1
inclg - ¢ = xgm - inclyy
incly - <c = e - inclg

The involution x¢ : Adj(C)°? — Adj(C) restricts to isomorphisms, restricts
to equivalence, maps morphisms in E to morphisms in M, and maps morphisms
in M to morphisms in E.

Dual correspondents on Adj(C) for an order-enriched category C:
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AO = Al
Ieft(g) 1 Ag — A = rlght(g) Ay — A
(—).9 : AO — A = (—)09 A — Ay
clo(g) C A = open(g) C A;
axis(g) = axis(g)
ref(g) : Ao = axis(g) = ref*(g) : axis(g) = A1
(Ao, ref(g), axis(g), ref™(g), A1) = (A1, ref>(g), axis(g), ref(g), Ao)
srcc = tgtc
leftc : Adj(C) — C = rightc : Adj(C)°P — C
cloc = openc
refc : C> — Ref(C)? = ref& : C2 — Ref™(C)?
Ref(C) = Ref>(C)
Iso(C) = Iso(C)
Equiv(C) = Equiv(C)
axisc = axisc

Iso(C) C Equiv(C) € Ref(C) M Ref*(C)
Ref(C), Ref*(C) C Adj(C)

2.2 Order-Enriched Fibrations

An order-enriched fibration P : E — B is an order-enriched functor, which is a

split fibration that satisfies the following additional conditions”.

e The functor P is faithful, replete and preserves limits.

e [cleavage uniqueness] The cleavage (b, E1) is the only cartesian mor-
phism for a fiber pair (b, E1); that is, if e : E5 — FEj is cartesian then
A( ) - E27 be = ]-Ez and ﬁe - 68'

e [right cancellation] For any cartesian E-morphism e : E; — E; and any
parallel pair of E-morphisms ¢, h : F3 — E», if g-g e < h g e then g < h°.

e [left cancellation] For any E-morphism e : F; — FE; and any parallel
pair of E-morphisms g,h : A(e) — E, if b, -g g < b -g h then g < h'0,

e [equivalence factorization] An equivalent pair of E-morphisms f =g :
E; — Ej have the same apex A(f) = A(g) and gap by = b, and equivalent
lifts §y =ty : A(f) — En.

"In a sense, in this definition we are characterizing the fibration |-| : Ord — Set.

8Equivalently (assuming the fibration splits), if an E-morphism e : E5 — Ep factors as
e =-ez-ge1: B3 — Ey — Ey where e is cartesian, then A(e) = A(ez), be =be, : B2 — A(e)
and fe = fle, g €1 : A(e) — E1.

91t follows that, (1) any cartesian E-morphism is a pseudo-monomorphism: for any carte-
sian E-morphism e : Eo — FE; and any parallel pair of E-morphisms g,h : E3 — Ea, if
g-ee = h-gethen g = h; (2) for any E-morphism e : E2 — E; and any parallel pair of
E-morphisms g,h : E3 — Ea, if g-ge < h-gethen g < 6 c-

101t follows that any gap is a pseudo-epimorphism: for any E-morphism e : F3 — E7 and
any parallel pair of E-morphisms g,h : A(e) — E, if be ‘g g = be g h then g = h.

12



Fact 1 Fqualizing morphisms are cartesian.

Proof: Let f,g: B — A be a parallel pair of E-morphisms, and let e : £ — B
be its equalizing E-morphism. Suppose h : C — B is a E-morphism and k :
P(C) — P(E) is a B-morphism such that k -5 P(e) = P(h). Since P preserves
limits, P(e) : P(E) — P(B) is the equalizing B-morphism of the parallel pair
of B-morphisms P(f),P(g) : P(B) — P(A). Hence, P(h g f) = P(h) e P(f) =
k-sP(e) eP(f) =k-gP(e)eP(g) =P(h) eP(g) =P(h-eg), and h-e f=heg

since P is faithful. Therefore, there is a unique E-morphism & : C' — E such that
k-ge=h. But P(k) = k, since P(e) is a B-monomorphism and P(k) - P(e) =
P(k-ge)=P(h) =k -gP(e). I

Fact 2 The right adjoint of a reflection is cartesian. The left adjoint of a
coreflection is cartesian.

Proof: Let g = (§,g) : Ao = A1 denote a reflection, so that 14, < g -g § and
g-Eg = la,. We show that ¢ is a cartesian E-morphism. Let h : B — A
be an E-morphism and let f : P(B) — P(A;) be a B-morphism such that
P(h) = f -8 P(g). [Existence] Consider the E-morphism h g §: B — A;. The
underlying B-morphism is f, since P(h-g ) = P(h) s P(¢§) = f -8 P(§) -8 P(9) =
f8P(Ged) = f-8P(1a,) = f. The composition with § is h, since P(h-gg-gg) =
P(h)-eP(geg) = feP(9)8P(Gegd) = feP(Gegeg) = fsP(g) =P(h) and
the fibration P is faithful. [Uniqueness| Suppose k : B — A; is an E-morphism
such that P(k) = fand k-gg=h. Thenk =k -gla, =k-cg-eg=h-eg. The
proof for coreflections is dual. 1

SPACE

SPACE

SPACE

SPACE

SPACE

SPACE

SPACE

SPACE

SPACE
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2.3 Pseudo Factorization Systems

A pseudo-factorization system in an order-enriched category relaxes the notion
of a factorization system in a category by using equivalences instead of isomor-
phisms, and only requires uniqueness up to equivalence. Let C be an arbitrary
order-enriched category. A pseudo-factorization system in C is a pair (E, M) of
classes of C-morphisms satisfying the following conditions!!. Subcategories:
All C-equivalences (and hence also all C-isomorphisms) are in E N M. Both E
and M are closed under C-composition. Hence, E and M are C-subcategories
with the same objects as C. Existence: Every C-morphism f : A — B has
an (E, M)-factorization'?; that is, there is an (E, M)-factorization (4, e, C,m, B)
and f is its composition!® f = e - m. Diagonalization: For every diago-
nalization square there is a diagonal, unique up to equivalence; that is, for
every pseudo-commutative square e - s = r - m of C-morphisms with e € E and
m € M, there is a C-morphism d, unique up to equivalence, with e -d = r
and d - m = s. This diagonalization condition implies the following condi-
tion. Uniqueness: Any two (E,M)-factorizations are equivalent; that is, if
(A,e,C,m,B) and (A,€',C’',m', B) are two (E, M)-factorizations of f : A — B,
then there is a C-equivalence h : C' = C’, unique up to equivalence, with e-h = ¢’
and h-m’ = m. An epi-mono pseudo-factorization system is one where E is
contained in the class of C-pseudo-epimorphisms and M is contained in the class
of C-pseudo-monomorphisms. For an epi-mono pseudo-factorization system, the
diagonalization condition is equivalent to the uniqueness condition.

Let C? denote the pseudo-arrow category'? of C. An object of C? is a triple
(A, f,B), where f : A — B is a C-morphism. A morphism of C2, (a,b) :
(A1, f1,B1) — (Ag, fa, Bs), is a pair of C-morphisms a : A; — As and b: By —
By that form a pseudo-commutative square a - fo = f; -b. There are source and
target projection functors 95, ¢ : C2 — C and an arrow natural transformation
ac : 05 = 0f : C? — C with component ac(A4, f,B) = f : A — B (background

of Figure 4). Let E2 denote the full subcategory of C2 whose objects are the mor-

phisms in E. Make the same definitions for M2. Just as for CQ7 the category E2
has source and target projection functors 9, 9F : E2 — C and an arrow natural

transformation ag : 95 = OF : E2 — C (foreground of Figure 4). The same is

true for M2. Let EOM denote the category of (E, M)-pseudo-factorizations (top
foreground of Figure 4), whose objects are (E, M)-factorizations (A, e, C,m, B),
and whose morphisms (a,c,b) : (A1,e1,C1,my1, B1) — (Asg, ea,Ca,ma, By) are
C-morphism triples where (a,c) : (41, e1,C1) — (As, ez, Cy) is an E2-morphism

11Pseudo-factorization systems are often compatible with ordinary factorization systems. A
tiered factorization system in C is a quadruple <E, E,M, l\~/|)7 consisting of an ordinary factor-
ization system (E, M) within a pseudo-factorization system (E, M); so that EC E and M C M.

12 An (E, M)-factorization is a quadruple (4, e, C,m, B) wheree: A — C and m: C — B is
a composable pair of C-morphisms with e € E and m € M.

13In this paper, all compositions are written in diagrammatic form.

14Recall that 2 is the two-object category, pictured as ¢ — e, with one non-trivial morphism.
The pseudo-arrow category C? of the order-enriched category C is (isomorphic to) the pseudo-
functor category ~[2, CT of order-enriched functors and pseudo-natural transformations.
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and (¢, b) : (C1,mq, By) — (Ca,ma, By) is an M?-morphism. EOM = E? x¢c M?
is the pullback (in the category of categories) of the 15'-projection of E? and
the 0*-projection of M2. There is a composition functor oc : EOM — C? that
commutes with projections: on objects oc(4,e,C,m,B) = (A, e oc m, B), and
on morphisms oc(a, ¢,b) = (a,b).

An (E, M)-factorization system with choice has (1) a specified factorization
for each C-morphism, and (2) a specified diagonal for each diagonalization square
in C; that is, (1) there is a choice function from the class of C-morphisms
to the class of (E, M)-factorizations, mapping each triple (A, f, B) correspond-
ing to a C-morphism f : A — B to one of its factorizations (A4, f, B) =
(A,e,C,m, B), and (2) there is a choice function from the class of diagonal-
ization squares in C to the class of C-morphisms, mapping each diagonalization
square (4, (e,C,s),(r,D,m),B) where e-s = r-m with e € E and m € M,
to one of its diagonals v(A4, (e,C,s),(r,D,m),B) = d where d : C — D is a
C-morphism satisfying e -d = r and d-m = s. To reiterate, diagonalization
must be chosen in addition to factorization. When choice is specified, there is
a factorization pseudo-functor +¢ : C> — E®M, which is defined on objects
+c(A, f,B) = v(A, f,B) = (A,e,C,m, B) as the chosen (E, M)-factorization,
and which is defined on morphisms +c ((a,b) : (A1, f1, B1) — (A2, f2, B2)) =
(a,¢,b) : +c(A1, f1, B1) — +c(As, f2, B2) via the chosen diagonal ¢ = v(A1, (e1, C1,m1°b), (g-e2, C2,m2), Bs

Show that ¢ is functorial.

Clearly, factorization followed by composition is the identity +c o oc = idc.
By uniqueness of factorization (up to isomorphism) composition followed by
factorization is an isomorphism oc o ¢ = idggzy-

Theorem 2 (General Equivalence) When an order-enriched category C has
an (E, M)-pseudo-factorization system with choice, the C-pseudo-arrow category
is equivalent (Figure 4) to the (E, M)-pseudo-factorization category

2 = E6M.

This equivalence is mediated by factorization and composition.
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Figure 4: Pseudo-factorization Equivalence
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0 Ap Ay
g
(-)o? go
LAy  clo(g) Ay
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3 AO <7<>(g)<7 Al
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0 1

Figure 5: Factorizations of an Adjunction

3 Conceptual Structures Categories

An (abstract) conceptual structures (CS) category is a category in which an
abstract version of the concept lattice construction can be defined.

Definition 1 An (abstract) conceptual structures (CS) category C is an order-
enriched category that possesses finite limits.

Recall that all finite limits are unique up to isomorphism, and that the limiting
cone for all finite limits is collectively monomorphic. Here are some special finite
limits. There is a terminal object 1 in C. For any two C-objects Ag, A1 € |C|,
there is a binary product AgpxA; with product projections my : AgxA; — Ay
and 7y : Agx Ay — A;. For any parallel pair of C-morphisms f,g : A — B, there
is an equalizer m : E — A. For any opspan of C-morphisms fy : Ag — B «— Aj :
f1, there is a pullback Agx gA; with pullback projections 7y : AgxA; — A
and m : AgxA; — Aj satisfying mg o fy = m o f1. For any parallel pair of
C-morphisms f,g: A — B, there is an equalizer m : £ — A.

In this section let C be a fixed CS category, and assume that g = (g, g) :
Ag — Aj is a C-adjunction with posetal source and target.

3.1 Objects

Let (Ap,g, A1) be an object in the arrow category Ord? consisting of two pre-
orders and an adjunction g : Ay = A; between them. The adjunction diagram
of g is the diagram in the category Ord consisting of the two preorders Ay and
A; and the two monotonic functions g : Ag — A; and g : A; — Ay, A
cone over the adjunction diagram of g consists of a vertex preorder C and two
component monotonic functions ¢y : C — Ay and c¢; : C — A; that satisfy
the bipolar pair constraints ¢g - & = ¢ and ¢; - § = cg. The azis order {(g) is
the finite limit in Ord of the adjunction diagram of g. More precisely, the axis
order is the vertex preorder of a limiting cone for the adjunction diagram of g.
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It comes equipped with two projection monotonic functions 7§ : {(g) — Ao
and 7% : {(g) — A, that satisfy the bipolar pair constraints 7§ - § = 7% and
7% - g = w5. The limiting cone is optimal. For any cone over the adjunc-
tion diagram of g as above, there is a unique mediating monotonic function
c: C — {(g) satisfying the projection constraints ¢ - 7§ = ¢ and ¢ - 7§ = c;.

Since the closure monotonic function (-)®s : Ay — Ag and the left adjoint
monotonic function g : Ay — A have a common source and satisfy the bipolar
pair constraints (-)%s - g = g and §- & = (-)°=, they form a cone over the
adjunction diagram of g called the source embedding cone. The source embedding
monotonic function &§ : Ay — {(g) is the mediating monotonic function for
the source embedding cone. It satisfies the projection constraints &§ - 7§ =
(-)*= > ida, and &§ - 7f = g. Consider the composite monotonic function
7§ &8 0 O(g) — (g). Since this satisfies the projection constraints 7§ -£§ - 78 =
5 (-)s =nf-g-g=nF -g=nf and 7§ - &§ - ¥ = 7§ - & = 7%, by uniqueness
of limit mediators, it is the identity 7§ - £§§ = ide(g). Source embedding and
projection form the extent reflection refg = (£§,75) : Ag = O(g).

Dually, since the right adjoint monotonic function g : A; — Ag and the
interior monotonic function (-)°s : A; — A, have a common source and satisfy
the bipolar pair constraints g - g = (-)°¢ and (-)°= - § = g, they form a cone
over the adjunction diagram of g called the target embedding cone. The target
embedding monotonic function 8 : A} — <{(g) is the mediating monotonic
function for the target embedding cone. It satisfies the projection constraints
& - 7m8 =g and & - 7f = (-)° < ida,. Consider the composite monotonic
function 7¥ - €8 : O(g) — {(g). Since this satisfies the projection constraints
w8 €5 nf = n g = and 7 €5 nf = 78 ()ox = nE &g = nf g =nF,
by uniqueness of limit mediators, it is the identity 7% - £f = ide (). Target
projection and embedding form the intent coreflection refg = (r8,£8) 1 O(g) =
A;.

Composition of the extent reflection and the intent coreflection is the orig-
inal adjunction, refg o ref; = g. The polar factorization of (Ag,g,Aq) is

the quintuple (Ao, refg, (g), refg, A1) consisting of the Rel*-object (reflection)
(Ao, refg, (g)) and the Rel™?-object (coreflection) (¢ (g), refg, A1).

3.1.1 Existence of Factorization

The Closed Polar Factorization. Since closure is strictly idempotent (-)®s o
(-)®s = (-)*9, it forms a cone over the closure equalizer diagram consisting of
()% : Ag — Ag and (-)® : Ag — Ap. The closure target restriction (-)g? : Ag —
clo(g) is defined to be the unique mediating C-morphism for this cone, and hence
satisfies (-)g? - incly = (-)*s > 14,. Being an equalizer, inclf : clo(g) — Ay is a
monomorphic C-monomorphism. Since incl§ = inclf - (-)® = inclf - (-)¢¢ - incl,
by cancellation on the right (C-monomorphism) 1geg) = inclf - (-)g?. Hence,
there is a C-reflection ref; = (-)g¢ - inclf : Ay = clo(g) called the closed
reflection of g. Define the left adjoint source restriction gy = inclf o g : clo(g) —
Ap — Aj. The left adjoint morphism factors through this: § = (-)§? o go, since
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()07 g0 = ()57 -inclf-g = (-)*-g = §. Define the right adjoint target restriction
Go=3g-(-)g : Ay — Ag — clo(g). The right adjoint morphism factors through
this restriction: § = go-incld, since go-inclf = §-(-)o?-inclf = §-(-)* = §-G-9 = §.
Since go-go = §+(-)” +inclg-g = g+ ()% g = §:9-9-9 = (-)°7-(-)° = ()% <14,
and go - Go = inclf - g+ §- (-)g’ = incld - (-)* - (-)g° = incl - (-)g° = Leio(g). there is
a C-coreflection ref;‘x = go 1 go : clo(g) = B called the closed coreflection of g.
The original adjunction factors in terms of its closed reflection and coreflection
g = ref} oref?™ (Figure 5, row 1). The closed polar factorization of g is the
quintuple (Ao, refy, open(g), ref">, A;).

The Open Polar Factorization. Since interior is strictly idempotent (-)% o
(-)°s = (-)%, it forms a cone over the interior equalizer diagram consisting of
(-)°s : Ay — Ay and (-)°s : A} — A;. The interior target restriction (-)}? : A3 —
open(g) is defined to be the unique mediating C-morphism for this cone, and
hence satisfies (-)}? - incl{ = (-)° > 14,. Being an equalizer, incl{ : open(g) —
Aj is a monomorphic C-monomorphism. Since incl{ = incl{ - (-)°s = incl{ - (-)]* -
incl{, by cancellation on the right (C-monomorphism) lgpen(q) = incl{ - ()77
Hence, there is a C-coreflection ref;™ = incl{ 4 (-);* : open(g) = A; called the
open coreflection of g Define the right adjoint source restriction §; = incl{ o g :
open(g) — Ay — Ap. The right adjoint morphism factors through this: § =
(-)}% 0 g1, since (-)7° - g1 = (-)}* -incl{ - § = (-)°s - § = §. Define the left adjoint
target restriction g; = §-(-){? : A9 — A; — open(g). The left adjoint morphism
factors through this restriction: g = §; -incl{, since g -incl{ = g- (-)}? - incl{ =
§-(-)°"=g-g-g=4g. Since g1 - g1 = g+ (-);"*incl{ - g=g-(-)> g=9-9-5-9 =
()% ()% = (-)% > 14, and g1 - g1 = incl{ - §-g- (-)1” = incl{ - (-)° - ()" =
incly - (-){* = Lopen(g), there is a C-reflection ref, = g1 4 g1 : A9 = open(g)
called the open reflection of g The original adjunction factors in terms of its
open reflection and coreflection g = refy o ref;™ (Figure 5, row 2). The open
polar factorization of g is the quintuple (Ao, refy, open(g), ref"™, Ay).

The Polar Factorization. Consider the axis diagram in C consisting of the
two opspans inclf : clo(g) — Ap < open(g) : g1 and go : clo(g) — A; «
open(g) : incly. The axis C-object {>(g) is the pullback of this diagram. It
comes equipped with two pullback projections 7§ : {(g) — clo(g) and 7} :

$(g) — open(g). These satisfy 7 o incl] = 7 o g1 and 7 o go = 7 o inclf.
Since 7§ o go1 o incl{ = 7§ o go = 7] oincl{ and incl{ is a C-monomorphism,

7y 0 go1 = 77. Dually, 7 o go1 = 7j. Define the extended projections 7j =
7doincl§ : O(g) — clo(g) — Ap and 7§ = 7{oincly : $(g) — open(g) — Ay. The
pair of C-morphisms (-)g° : Ag — clo(g) and §; : Ag — open(g) forms a cone for
the axis diagram, since (-)o’ oincl] = (-)*s = gy 0g; and (-)§? 0do = § = g1 oincly.
Let & : Ag — {(g) denote the mediating C-morphism for this cone; so that &
is the unique C-morphism such that &J o 7 = (-)g° and & o 7/ = g;. Hence,
& omd =¢&J ord oincl] = (-)g? oincl] = (-)* and &J o 7] = &J o 7] oincl{ =
groincl] = g. Since 7§ o&do7d = 7Joinclfo(-)s? = 7J and 7§ ot o] = nJog =
7§ oinclfo gy = o go1 = 7Y, by uniqueness of mediating C-morphisms (in other
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words, since limit projections are collectively monomorphic) 7§ o0& = 1o(g)- By
direct calculation, & o 1§ = £J o 7 o inclf = (-)¢? oinclf = (-)® > 14,. Hence,
there is a C-reflection ref(g) = (£§,79) : Ag = {(g) called the extent reflection
of g. Dually, the pair of C-morphisms go : A; — clo(g) and (-){* : A; — open(g)
is a cone for the axis diagram. Let &J : A} — {(g) denote the unique mediating
C-morphism for this cone. Hence, there is a C-coreflection ref™(g) = (n{,£&7) :
O(g) = A;p called the intent reflection of g. The original C-adjunction factors
in terms of its extent reflection and intent coreflection g = ref, o refz( (Figure 5,
row 3). The quintuple (A, ref,, {(g), ref 5, Ay) is called the polar factorization
of g. Since both source Ay and target A; are posetal objects, the axis {(g) is
also a posetal object.

Linking the Factorizations. Consider the left adjoint source restriction gy :
clo(g) — A;j. Since oo (-)° = inclf ogogog = incl§og = go = goo la,,
there is a unique equalizer mediating C-morphism go; : clo(g) — open(g) such
that go1 oincl{ = go. Call this the left adjoint source-target restriction. The left
adjoint target restriction factors through this (—)5" 0 Jo1 = g1, since (—)59 0 Jo1 ©
incl{ = (-)3° 0 go = § = g1 oincl{ and incl{ is a C-monomorphism. Consider the
right adjoint source restriction §; : open(g) — Ag. Since gy 0(-)* =inclfogogo
g=inclfog =g = g1 01a,, there is a unique equalizer mediating C-morphism
Go1 : open(g) — clo(g) such that go; o incl§ = g;. Call this the right adjoint
source-target restriction. The right adjoint target restriction factors through
this (-)1? 0 go1 = go, since (-)]? 0 go1 oincl = (-)]? 0 g1 = § = Go oincly and inclf
is a C-monomorphism. Since §g1 © o1 oinclg =3Jo1°01 = Jo1 oinclf 0§ =gpog =
incl§ ogog = inclfo(-)% = inclf = lgo() oinclf and inclf is a C-monomorphism,
Go1 © Go1 = leio(g)- Dually, go1 © o1 = lopen(g)- Hence, there is a C-isomorphism
isog = go1 1 o1 : clo(g) = open(g) called the central isomorphism of g. The
closed and open reflections are isomorphic ref' 0isog = ref;. The closed and
open coreflections are isomorphic ref;™ oiso, = refo‘x

The pair of C-morphisms 1o(g) : clo(g) — clo(g) and go1 : clo(g) — open(g)
forms a cone for the axis diagram, since lgo(g) © incly = incl§ = go1 o o1 ©
incly = go1 o g1 and Lao(g) © Jo = Jo = Jo1 © incl{. Let 50 : clo(g) — <O(g)
denote the mediating C- morphlsm for this cone; so that 50 is the umque C-
morphism such that 50 0Tl = 1c|0(g) and 50 o7 = go1. Since 7J o 50 o7 =7f
and 7 o 50 om] = 7§ o go1 = 7, by uniqueness of mediating C-morphisms
7§ 0&J = 1¢(y). Hence, there is a C-isomorphism i isop = (€9, 79) < clo(g) = O(g)
called the closed isomorphism of g. Since (-)§? 0 £J 07 = (-)g? = &J o 7d
and (-)g? o §0 o 7TL = ()0’ 0gdor = g1 =& o 7?1, by uniqueness of mediating C-
morphisms (-)5?0&] = £J. Since in addition 7§oincl = 7§, the extent and closed
reflections are isomorphic ref, = ref? oiso}. Dually, since the pair of C-morphisms

g%
Go1 : open(g) — clo(g) and lgpen(g) : open(g) — open(g) forms a cone for the

axis diagram, by defining €9 - open(g) — $(g) to be the mediating C-morphism
for this cone, so that 7 is the unique C- morphlsm such that &£ o 7§ = go1 and
ord = Lopen(g), there is a C-isomorphism iso, = (79,€9) - &(g) = open(g)
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Figure 6: The Axis of an Adjunction

called the open isomorphism of g. Furthermore, the intent and open coreflections
are isomorphic ref * = iso, oref,>. Also, the central isomorphism factors in terms
of the closed and open isomorphisms iso, = iso; o iso;.

3.1.2 Uniqueness of Factorization

Lemma 1 (Diagonalization) Assume that we are given a commutative square
eos=rom
€
Ay —= B

3

of adjunctions, with reflection e and coreflection m. Then there is a unique
adjunction d : B = C witheod=r and dom = s.

Proof: The necessary conditions give the definitions d = § -7 = é - 7 and
d=#-¢&=rm- 3§ Existence follows from these definitions.

In more detail, the fundamental adjointness property, the special conditions
for (co) reflections and the above commutative diagram, resolve into the follow-

ing identities and inequalities: é-¢é = 1p, 14, < €-€, §-5 <1y, 1p < -5,
For<lc,la, <7 -7, M -m<1ly,lc=m -Mm,é-5§=7-m,andm -7 =3¢
By suitable pre- and post-composition we can prove the identities: é-35-m = 7,
m-§-é=~¢ m-#-é¢=5and é-7-m = §, (and then) §-7h = é -7 and 7#-é =1 - 8.

[Existence] Define the C-morphisms d = 3 -7 = é - and d=p-&=1m-3.
Thepropertlesdd m-§- er—rr<lcandd d=3§1m-7é=35 § > 1 show

that d = (d, d) : B = C is a C-adjunction. The properties d-m = é-7-1m = §
and m-d = -7+ & = § show that d satisfies the required identity d o m = s.
The properties é -d = é- § -1 = 7 and d-é=1-§-é=r show that d satisfies
the required identity eod = 7.

[Uniqueness] Suppose b = <B ZA7> : B = (' is another C-adjunction satisfying
the require identities e o b = r and b om = s. These identities resolve to the
1dent1t1eseb—r b-é =7, bt = §, and m-b = 5. Hence, b = b-m-m = §-1h = d,
b=b-é-¢=7 ¢=dand thus b=d. |
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Lemma 2 (Polar Factorization) The classes Ref(C) and Ref(C)> of reflec-
tions and coreflections form a factorization system for Adj(C)=. The (open,

closed or full) polar factorization makes this a factorization system with choice.
Proof 1 The previous discussion and lemma. O

With this result, we can specialize the discussion of subsection 1.3 to the case

C = Adj(C)=. The arrow category Adj(C)2 has adjunctions (4, g, B) as objects

and pairs of adjunctions (a,b) : (41,91, B1) — (A2, g2, B2) forming a commuta-

tive diagram a o go = g1 o b as morphisms. The factorization category Ref(C) ®
Ref(C)> has reflection-coreflection factorizations (A, e, C,m, B) as objects and
triples of adjunctions (a,c,b) : (41,e1,C1,m1, B1) — (Aa,e2,Ca, ma, By) form-

ing commutative diagrams aoes = e; oc and coms = mq ob as morphisms. The
polar factorization functor +agj(c)_ : Adj(C)2 — Ref(C) ® Ref(C)> maps an ad-
junction (A, g, B) to its polar factorization +aqj(c)_ (A, g, B) = (A, refc(g), $(9), refe (9), B),
and maps a morphism of adjunctions (a,b) : (41,91,B1) — (A2, g2, Bs) to a
morphism of polar factorizations +agj_(a,b) = (a, (ap), 0) © +adjc)- (A1, 91, B1) —
“+adj(c)— (A2, g2, B2), where the axis adjunction {5 : ¢(91) = O(g2) is given

by diagonalization of the commutative square refc(gq)o(ref& (g1) o b) = (a o refc(g2))o

refc(gz2). The axis $,p) = (@(a,b), <A>(ayb)> is defined as follows.

Olapy = 7" b€ = 7' -a- & O(g1) — Olgn)
Oapy = w2 &8 = 72 b &' : O(g2) — O(gn)

Hence, to compute either adjoint, first project to either source or target order,
next use the corresponding component adjoint, and finally embed from the
corresponding order. Likewise, the open polar factorization functor +Zdj(c): :
Adj(C)2 — Ref(C)®Ref(C)> maps an adjunction to its open polar factorization,
and the closed polar factorization functor is dual. These three functors are
mutually isomorphic.

Theorem 3 (Special Equivalence) The Adj(C)=-arrow category is equiva-
lent (Fig. 7?) to the (Ref(C), Ref(C)>)-factorization category

Adj(C)2 = Ref(C) ® Ref(C)~.

This equivalence, mediated by (open, closed or full) polar factorization and com-
position, is a special case for adjunctions of the general equivalence (Thm. 1).

3.2 Morphisms

Let f = (fo,f1) : (Ao, g,A1) — (Bo, h,B1) be a morphism in the arrow category
Ord?. This consists of four order adjunctions g : Ag = A, h : By = By,
fo : Ag = Bp and f; : A; = B; which satisfy the commutative diagram
gof; = fy o h. This condition resolves into the constraints, g - f; = f; - h,
which implies that f; maps open elements of A; to open elements of By, and
h-fy=f -g, which implies that £, maps closed elements of By to closed elements
of Ao.
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The monotonic functions 78 - fy - (-)** : {$(g) — Bg and 7% - f; : O(g) —
B, fgrm a cone over the target adjunction diagram, satisfing the bipolar pair
(m§fo-(-)*n)- h—Tl'O fo-h=r8-g-fy =75 -f; and (7f-f;)-h=75-g-f; -h=
7&-fy-h-h = 78-fy-(-)*». The mediating monotonic function $r : {(g) — (h)
for this cone is called the left adjoint azis functzon It satisfies the projection
constraints Of - e =7k - fo - (-)*= and Oe - = nf. - f1. Dually, the monotonic
functions 78 -fy : $(h) — Ag and 7 -, - (<)%= : $(h) — A4 form a cone over the
source adjunction diagram, satisfing the bipolar pair (7 -fy)-g§ = 7P -h-fy-g =
whfigeg=aP b ()%= and (af £ ()%%) g =P -B-g =P DB = b fo.
The mediating monotonic function $¢ : $(h) — O(g) for this cone is called the
right adjoint axis function It satisfies the projection constraints - g = o £
and Op - 7% =7 f) - (-)%8 o o

The composite monotonic function <>f <>f O(g) — {(g) satisfies Gp - O >
ide(g), since (¢ - Oe) - 71'0 = el £y = 78 fo - (-)*n £y > s - fb; f, > i
and (<>f <>f) 771 —<>f 7T1 f1 (-)°s =7T1 - f1 (-)°= :7T§-Q~f1~f1-g~g”;:

fy-h-h-fy-g > 78 g = =% Dually, the composite monotonic function
<>f S+ O(h) — O(h) satisfies Sp O < id¢(ny, since (@f o) ms... < 8 and
(<A>f . {>f) ~7rf... < w{“ Hence, the left and right adjoint axis monotonic functions
form the axis adjunction g = <{>f, <A>f> :O(g) = ¢(h ) Since (fo <>f) =
&t b () = ()b () = ()*hhh = ()regfih=ghh=f hh—
fo- ().h = (fo-&0) - 7f and (& - Or) -} —fo 7T1 £ —g fi =f-h (fO &),
by unlqueness of limit mediators & - $p = fo - €8, Since we already know
that <>f 71'0 = 770 fo7 the axis adjunctlon satlsﬁes the commutative diagram
refg O<A>f—f00refh Slnce(§1 <>f) 7r1—§1 hof . ()g—() fl ()g:
(')oh'fl'g g=() h- fo g=h-f;- g—fl g g=" - ()Og_(fl ) m
and (€8 Qp) - 75 = 51 hfp=h-fo=1f g=(f -€%). 7§, by umquenebb of
limit mediators &P - &¢ = f1 8. Since we already know that {p - 7 = 7% - ),
the axis adjunction satisfies the commutative diagram {r o refy = ref; of;.

The polar factorization of the Ord*morphism f = (fo,f;) : (Ao, g, A1) —
(Bg,h,By) is the triple (fy, $f, f1) consisting of the Rel?-morphism (fo, Of) -

(Ao, refg, (g)) — (Bo, refy, O (h)) and the Rel**-morphism (g, f1) : (O(g), refy,

(O(h), refy, By).
Assumption 1 Limit projections are collectively lax monomorphic: if D is a

diagram in Ord and f,g : C — lim(D) are two parallel monotonic functions that
satisfy f-m; < g-m; for all limit projections m; : im(D) — Dy, then f < g.
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4 Lattice of Theories Categories

We want to build and verify the structure in the Diamond Diagram of Figure 8.
For this we need to define some additional adjunctions.

4.1 Objects
4.1.1 Existence of Factorization

Definition 2 An (abstract) lattice of theories (LOT) category C is a conceptual
structures category that is the complete category for an order-enriched fibration.

Consider the composition (-)® g § = ¢ for any E-adjunction g = (g,g) :
Ag = A; with posetal target. The closure lift of g is the cartesian E-morphism
(5)% = f(-ye0b, * A(g) — A(g). This morphism lifts the closure, since by -
(5)% = (-)*9 -g by. It is idempotent (=)® -g ()® = ()*s. Also, it is equivalent to
the identity (<)® = 1a(g), since ()% g fiz = (<)%.

Since the left adjoint factors as § = (-)¢? - go and the closure morphism
factors as (-)* = (-)g? -gincld, where go and incl) are cartesian, we have equality
of the apexes A((-)*) = A((-)g”) = A(g), equality of the gaps byey = b(_);g =
by :+ Ao — A(g) and the lift identities §; = jj(_)sg ‘Edo : A(g) — A; and
f(-yes = Ij(_);g - incld : A(g) — Ao.

Polar Factorization through ref; and ref;™. For any E-adjunction g =
(9,9) : Ao = Ai, the closed polar factorization g = ref} o ref;™ is expressed in
terms of the closed polar reflection ref; = ((-)g?,incld) : Ag = clo(g) and the
closed polar coreflection ref3™ = (go, go) : clo(g) = A;. Hence, we have the
properties:

lag <geg  lag < ()% = ()7 e incly go € Go = lao(g)

g-eg<la,  incld e (-)o’ = lao(g) go-ego=(-)% < 1a,
incly is an E-monomorphism Jo is an E-monomorphism
(—)sg is an E-epimorphism Jo is an E-epimorphism

incld is a cartesian E-morphism Jo is a cartesian E-morphism

The Closure Reflection clo,. Consider the pair of E-morphisms by : Ag —
A(g) and f-yes : A(g) — Ao. Composing in one direction, get the inequality
by E f(-yes = by E Ii(_);g gincl = (-)¢? ‘g incl] = (-)* > 14,. Composing in the
other direction, the identity by ‘e fi-)es -Ebg 'Eflg = bg Efi()es EG=(-)* £ =
g = by ‘e §5 implies by right cancellation the equivalence b -g §(-yes € D5 = by,
which in turn implies by left cancellation the equivalence fyss - by = 1a(g)-
Hence, the pair forms the closure reflection clog = (b, f(-yes) : Ao = A().
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The Lift Coreflection lift,. Consider the pair of E-morphisms 5 : A(§) —
Ay and 055 : A1 — A(g). Composing in one direction, get the inequality
055 ellg =089 =(-)° <1a,. Composing in the other direction, the identity
by Ellg Edy5 Eflg = 0EdEG =G = by ety implies by right cancellation
the equivalence bg -g fig e 05,5 = by, which in turn implies by left cancellation
the equivalence fij g 055 = 1a(g)- Hence, the pair forms the lift coreflection
C|Og = <ﬁg,(sg7g> : A(g) = Al-

The Lifted Closure Equivalence equy. Consider the pair of E-morphisms
By A(g) — clo(g) and 0, s ) clo(g) — A(g). Composing in one
0 0’ 0
direction, get the identity o, o (=)0 ~Eﬁ(_)-g = incl] g (-)g? = Leto(g)- Composing
0’ 0 0
in the other direction, the 1d.ent1ty bs -E ﬂ(_)ég ‘E 5indg)(_);.g Ellg =g E ﬁ(_);g ‘E
5inclg,(-);g E ﬁ(->;9 €0 = (-)o’ e inclf € (-)o” e do = (-)o” EGo = g = by Efy
implies by right cancellation the equivalence b; -g ti(_)-g “E 019 ()0 = bg, which
0 0’ 0
in turn implies by left cancellation the equivalence j:i(_)-g “E 0y 019 ()2 = Tag)-
0 0’ 0
Hence, the pair forms the lifted closure equivalence equj = (ﬁ(_)-g,éindg (_)-g> :
0 0’ 0

A(g) = clo(g).

Composing the Adjunctions. We have already seen that the original ad-
junction is the composition of the closed polar reflection and the closed polar
coreflection
g = refy oref;™ . Ag = clo(g) = A1.
The identities by g ﬁ(_);g = b(_);g ‘E ﬁ(_);g = (-)p” and §inclg,(—);9 Bl =
Oinerg ()29 E foyze E incl = incl -g (-)¢° g incl) = incl] show that the closed
polar reflection is the composition of the closure reflection and the lifted closure
equivalence
refy = cloy o equj : Ag = A(g) = clo(g).

The identities Ii(_);g ‘EJo = fi5 and go e 5inclg,(—);9 = e (-)o" e inclf g by =
§-e(-)% ebg = §-Eby = 05,4 show that the the lift coreflection is the composition
of the lifted closure equivalence and the closed polar coreflection

lift, = equ oref;™ : A(g) = clo(g) = Ai.

The identities 0 4 ‘£ ﬁ(-)-g =044 E ﬂ(_)og ‘E iHClg =044 E lj(_)‘y ‘E inclg €(-)% =
0 0

0g,5 Efy2o E inclf -eg-eg=944E Byes EGoEG =055 EllgEg= () eg=g

and by g ; = § show that the original adjunction is the composition of the

closure reflection and the lift coreflection

g =clogolifty : Ag = A(g) = Ai.
But this can also be computed by adjunction composition g = ref; ) ref;“ =

. oo .
clog o equg oref’™ = clog o lift,.
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Figure 7: Closure-Lift Factorization

QA
ker(g)
clo/( Nit /é(gog) '(Eg)k (-)°s
&g T
fg o _ >0 1 ()
Ao ¢ O(g) =% 4, 640 et Ol) T A
o &
ker(g b v o
ker(g)
{ ()%)
Adjunction (iconic) Adjunction (detailed)
g =119 :4 =4
clog oequ, = ref,
refy = (£ 4 7§) : Ao = <(9) equ, o refy = Iift?7
refg = (r{ &) : Og) = A
equ, = (&7 4 m]) : ker(g) = O(9) refg o equy = Iiftsl7
equy = (m] 4£7) - O(g) = ker(g) equy ointy = ref;‘
Iiftg = (gg): ker(g) = Ay
lift, = (g 149) : Ao = ker(9) refyoref” = g
clog = (14, 1 (-)%) : Ag = ker(g) clog o Ilft =g
intg = ((-)® 4 1a,) : ker(g) = Ay ||ft o |nt =g

Figure 8: The Diamond Diagram
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4.1.2 Uniqueness of Factorization

Lemma 3 (Diagonalization) Assume that we are given a pseudo-commutative
square eos =rom

Ao—eb-B

o

of adjunctions, with pseudo-reflection e and pseudo-coreflection m. Then there
is an adjunction d : B = C, unique up to equivalence, with e o d = r and
dom =s.

Proof: The necessary conditions d = §-m = é - 7 and d=r-é6=m-3§ give
the definitions. Choose either option for left and right C-morphism. Existence
follows from these definitions.

In more detail, the fundamental adjointness property, the special conditions
for (co) reflections and the above commutative diagram, resolve into the follow—

ing identities and inequalities: é-¢é = 1p, 14, < €é-¢é, 5-5 <1y, 1p < 55,
P <lc,la, <7 -7, -m<1ly,lc=m-Mm,é-5=7-m,andm -7 =35-¢.
By suitable pre- and post-composition we can prove the identities: é-5-m = 7,
m-§-é=rf, m-F-é=§and é-7-m =3, (andthen)s m=é-7and 7 -é=m-8§.

[Existence] Define the C-morphisms d = 5 -10 = é - 7 and d=7-e=m-3.

Thepropertlesd d=m-§-érF=rF<lcandd-d=3gm7é=353§>1pshow
that d = <d d) B = (' is a C-adjunction. The properties d - m = é -7 -1 = §
and m-d = -7-¢é = § show that d satisfies the required identity dom = s.
The properties é -d = é- § - = 7 and d-é=r1n-§-é=r show that d satisfies
the required identity eod = 7.

[Uniqueness| Suppose b = (b, b) : B = C is another C-adjunction satisfying
the requlre 1dent1tles eob=r and bom = s. These identities resolve to the
P, b = 3, and m-b = 3. Hence, b = b-1h-1h = §-m = d,

t

=y
[e]
E.-
—-
, =
D
n
m
@‘
<
>
Il
<

4.2 Morphisms
4.2.1 Kernel Factorization

The left adjoint kernel adjunction
kerg = (fo, (-)*"fo) : ker(g) = ker(h).

The inequality ()60 fy b = hoh-fo-fooh = hefi-g-g-f < hofiofy < hand
the fact that h : ker(h) — Bj is a cartesian C-morphism, imply the inequality
((—)'h-f'O) fy < idye()- This together with the inequality fo - ((—)’h~f’0) >

(1dker(h fo) =fy-fo > idyer(g) prove the fundamental condition for the left
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Given:
gofi = fyoh
Inner: Outer:
refg 0o O = fyorefy clog oker; = fyocloy
Qporefyy = refyof kerpointy, = intgof)
equg o O = kery oequy kerg olifty = liftg ofy
Qroequy = equg o kery liftg o ker; = fjolifty

Table 1: Adjunction Identities

adjoint kernel adjunction. The right adjoint kernel adjunction

kery = ((-)°-f1, f1) : ker(g) = ker(h)

The inequality ((-)°g~f1) £ g=g-gf £ g = g~f0-fl~fl-f0 > g~{-‘0~f‘0 > g and
the fact that g : ker(g) — Ag is a cartesian C-morphism, imply the inequality

((-)°=f1) £ > 1dger(g)-

This together with the inequality f; - ((—)°g~f1) <

£ (idker(g)fl) =f-f; < idker(ﬁ) prove the fundamental condition for the right
adjoint kernel adjunction.
We want to prove the eight adjunction identities in Table 1.

e To prove the identity clog o ker; = f; o cloy, note that id4, - fo = fo - idp,
and ((_)'h.f‘o) . (-)'g = (-)'h.f‘o_
e To prove the identity ker; o lifty = Iiftg< o f; note that f, - h = g - f; and
h- ((')'“ﬁ)) =f &

e To prove the identity liftg o ker; = fy o lifty, note that fo-h=g- ((—)og-ﬂ)
andfrfo:ﬂ-g.

e To prove the identity intg o f; = ker; o int, note that f'1 cida, =idp, - f'l
and (-)° - f; = ((_)og.fl) - (-)°n.

Typing.
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Figure 9: The Diamond Diagram
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g (g1g): Ag = Ay

refg = <f§ = 7T§> : A() = (g)
refg (r8 HE5) 1 O(g) = Ay
equg (€5 A 75) : ker(g) = O(8)
equg = (rf 4£F) : O(g) = ker(g)
Iiftg (g 1g): ker(g) = A
liftg (g18): Ay = ker(g)
clog (ida 4g°%) : Ag = ker(g)
intg (g° Hidp) : ker(g) = Ay

clog o equg
xX
equg o refg

xX
refg o equg
-
equg o intg

refg o refg
clog o liftg
liftg o intg

r.ef g
I|ftg

lift,
ref>

0 0% 0”
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5 Outline

A previous paper discussed the factorization of truth in the specific context of
order adjunctions in a topos B and the underlying fibration || : Ord(B) — B.
This paper extends that discussion to a abstract theory of truth and its factor-
ization. More specifically, it lays down axioms necessary for the factorization of
truth, by categorically characterizing Ord(B) and the underlying fibration.

1. Define a pseudo-factoriation system in an order-enriched category.

e include strict factorization within pseudo-factorization

e discuss factorization duality; that is, how involutions and factoriza-
tion systems interact

2. Define an (abstract) conceptual structures (CS) category.
e define polar or CS factorization here
3. Define an (abstract) lattice of theories (LOT) category.

e define cartesian or LOT factorization here

e LOT factorization centers on a “diamond diagram”

1]
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