The Architecture, Portals and Implementation
of the IFF

Robert E. Kent
November 1, 2005

Contents

1 Rationale 1

2 Architecture 2

3 Cantor’s Diagonal Argument 7

4 Portals 9
4.1 First Order Logic . . . . . .. . .. .. L 9

5 Implementation 14
5.1 Data Structures . . . . . . . . . ... 18

1 Rationale

Why the IFF? Why the metashell? To quote David Whitten: “We [in the
knowledge sciences, technologies and industries] are now in a situation where
we don’t have a common vocabulary at all. We now can’t (really) evaluate if
two systems are the same or not, because we don’t have the formalized packages
which express their distinctions. We don’t have a computational architecture
which is rich enough, and formally defined enough that we can (formally) point
out the differences in two different approaches to the same problem.” An im-
portant feature of the IFF is its tremendous extensibility. In its applications,
beyond making ontological commitments to a vast collection of things, the IFF
serves as a language for naming and describing these things. In one sense, the
IFF is a nested collection of metalanguages with the IFF metashell at its core.



2 Architecture

The IFF architecture (Figure 1) consists of metalevels, namespaces and meta-
ontologies. Within each level, the terminology is partitioned into namespaces.
The number of namespaces and the content may vary over time: new namespaces
may be created or old namespaces may be deprecated, and new terminology and
axiomatization within any particular namespace may change (new versions). In
addition, within each level, various namespaces are collected together into mean-
ingful composites called meta-ontologies. At any particular metalevel, these
meta-ontologies cover all the namespaces at that level, but they may overlap.
The number of meta-ontologies and the content of any meta-ontology may vary
over time: new meta-ontologies may be created or old meta-ontologies may
be deprecated, and new namespaces within any particular meta-ontology may
change (new versions).

The IFF terminology is managed in terms of namespace prefixes — each
namespace is given a unique prefix (with perhaps a few synonyms) in order
to avoid clash of terminology'. Namespaces can be nested?. This means that
the axiomatization of one namespace may be included within the axiomatiza-
tion of another namespace, when these are closely connected. An outermost
namespace is not included in any other. An inner namespace is so included —
it is not outermost. An atomic namespace is innermost — no other namespace
is included in it. A molecular namespace has others included — it is not atomic.
The architecture of the IFF namespace mechanism is flat — namespace prefixes
are like tags: by using namespace prefixes the complete IFF terminology is the
disjoint union of the terminology in the atomic IFF namespaces. The IFF archi-
tecture can be thought of as a two dimensional structure (Figure 1) consisting of
metalevels, which are partitioned into outermost namespaces representing basic
concepts such as diagram (‘dgm’), graph (‘gph’), category (‘cat’) or institution
(‘ins’). The various levels are indexed by the natural numbers ‘0’, ‘1’, ‘2’, ‘3’,

., ‘o0’ or by their natural language correlates: for the first four and infinite
levels these are ‘obj = 0’ ‘sml = 1’, ‘lrg = 2’, ‘vlrg = 3’ and ‘ur = o0’.

Along the vertical dimension (see Figure 1), the IFF architecture is parti-
tioned into three parts: the objective part, level ‘0’, is where the object-level
ontologies are located; the natural part contains the namespaces located at
metalevels ‘1’ --- ‘co’; the supra-natural part contains the metashell axioma-
tization. Along the horizontal dimension, the natural part is partitioned into
pure and applied aspects, and the pure part is partitioned into core and struc-
tural components. The pure aspect contains meta-ontologies, such as the IFF
Core (meta) Ontology (IFF-CORE) and the IFF Category theory (meta) Ontology
(IFF-CAT), axiomatizing the needed set-theoretic and category-theoretic founda-

1For example, the term ‘morphism’ is introduced in the contexts of models and theo-
ries for first order logic to represent two distinct, but analogous, concepts. When these
concepts need to be used in other contexts, the namespace prefixes ‘fol.mod.mor’ and
‘fol.th.mor’ could be used to distinguish them, thus resulting in the distinct representations
‘fol.mod.mor :morphism’ and ‘fol.th.mor:morphism’.

2This nesting does not refer to either the vertical or horizontal dimensions of the metalevel
structure in Figure 1, but instead to an implicit third dimension of the architecture.



tions. The applied aspect contains meta-ontologies, such as the IFF Institution
theory (meta) Ontology (IFF-INS), the IFF First Order Logic (meta) Ontol-
ogy (IFF-FOL) and the IFF Ontology (meta) Ontology (IFF-ONT), providing the
terminology and axiomatization for any needed logical and semiotic function-
ality. In the pure aspect of the natural part of the IFF, the axiomatization
for any concept is in two component modules: the generic component gives
the axiomatization at level n (1 < n < oo) for that concept; the Ur compo-
nent at level co summarizes the axiomatization for all finite metalevels. The
connection between the generic and Ur level (Figure 2) axiomatizations relies
heavily upon the fundamental subset, (optimal-)restriction and abridgment par-
tial orders for sets, (unary) functions and (binary) relations, respectively. The
supra-natural part consists of only three namespaces: the medium-sized ‘meta’
namespace (IFF-META), located just above the natural part, which services the
Ur and generic metalevels; the small-sized ‘type’ namespace, located just above
this, which provides typing terminology for the ‘meta’ namespace and defines the
four fundamental partial orders of subset, (optimal-)restriction and abridgment;
and the tiny ‘type’ namespace, located at the very top of the IFF architecture,
which provides the terminology for the three fundamental kinds of set, (unary)
function and (binary) relation.

To locate any namespace one can use its level-concept pair, a concatenation
called the full prefix of the name of the namespace. The full namespace prefix
acts as a unique identifier of that namespace. For example, the namespace
axiomatizing very large categories would be denoted by ‘vlrg.cat’ or ‘3.cat’.
Inner namespaces need further qualification. For example, the inner namespace
of small graph morphisms would be denoted by ‘sml.gph.mor’. It is assumed
that each basic concept has a particular metalevel that is in common use. These
are indicated by the filled squares (m) for the particular concepts in Figure 1.
For such commonly used namespaces, the level notation may be omitted. For
example, the namespace that axiomatizes large categories could be denoted by
‘lrg.cat’ or ‘2.cat’, but a simpler notation is ‘cat’.

The namespace mechanism has been made backward compatible, by allowing
special namespace prefix notation that is synonymous with the general format
just described. For example, the namespace axiomatizing large categories would
be denoted by the general prefixes ‘cat’, ‘lrg.cat’ or ‘2.cat’ or by the special
prefix ‘CAT’ that was used in earlier versions of the IFF-CAT axiomatization.
Hence, for any basic concept, both the general prefix and the common level
need to be declared, and for any namespace axiomatization the special prefixes
also need to be declared. The prefixes denoting inner namespaces should be
compatible with outermost prefixes; for example, at level 2 the general prefix for
the outermost namespace for limits would be ‘1rg.1im’ or ‘2.1im’ with the special
prefix ‘LIM’, whereas the general prefix for the inner (non-atomic) namespace of
pullbacks would be ‘lrg.lim.pbk’ with the special prefix ‘LIM.PBK’. As these
examples illustrate, only the lower case is needed for the general namespace
prefix notation.

The meta namespace in the metashell serves as an interface between the
metashell and the natural part of the IFF It does this by servicing the Ur



and generic metalevels. A design constraint is that the natural part should be
fully conformable to the categorical design principle; this means that all axiom-
atization is atomic, consisting of either declarations, equations are relational
expressions. Since the object-level axiomatization is expressed as atoms, this
leaves only the metashell with full first order logical expressions. The metashell
is used by the various meta-ontologies in the pure aspect of the natural part:
the single meta-ontology in the core component being the (IFF-CORE); or the
various meta-ontologies in the structureal component including the (IFF-CAT),
the IFF 2-Category theory (meta) Ontology (IFF-2CAT), and the future IFF
Double Category theory (meta) Ontology (IFF-DCAT). The metashell acts as a
bootstrapping mechanism from which the natural part can be unfurled, starting
with the the IFF-CORE, IFF-CAT, IFF-2CAT and IFF-DCAT.

The kernel (an outermost namespace) of the core meta-ontology IFF-CORE
contains atomic namespaces for sets, functions, relations and finite limits. The
core meta-ontology provides an adequate set-theoretic foundation for represent-
ing object-level ontologies in general and for defining other metalevel ontolo-
gies in particular. The core meta-ontology includes the specialization of the
metashell namespace IFF-META. The IFF-CAT follows Mac Lane’s beginning ax-
iomatization for category theory [2] in that it introduces terminology and pro-
vides an axiomatization for this terminology, but it does not give a formal inter-
pretation using set theory — it only gives an informal, intuitive interpretation.
The IFF-CORE completes such a formal interpretation.

The IFF-CORE axiomatization contains many terms, partitioned according to
whether the term is a basic term (sets, functions or relations), a diagram term
or a limit term. Although the IFF-CORE axiomatizates finite limits, the current
version does not represent finiteness, but instead explicitly represents the sev-
eral finite shapes needed. A future version of the IFF-CORE may experiment with
Dedekind’s abstract definition of finiteness [1]. Following the principle of concep-
tual warrant, terminology has been placed in the core meta-ontology IFF-CORE
only when it is needed in the more peripheral namespaces. All metalevel ontolo-
gies import and use, either directly or indirectly, the core meta-ontology. This
includes the graph and category theory meta-ontologies.

The IFF-CORE axiomatization is in adjunctive form. The generic part plays
a central role in the IFF axiomatization — this is currently the most referenced
namespace at the metalevel. The kernel and finite limits namespace axiom-
atizations rely heavily upon the subset, (optimal-)restriction and abridgment
relations for sets, (unary) functions and (binary) relations, respectively. The
finite colimits namespace is a categorical dual to the finite limits namespace.
The exponents namespace axiomatization is new.

[To Be Continued]
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3 Cantor’s Diagonal Argument

Because of its importance in the IFF metastack, we discuss here in some detail
Cantor’s diagonal argument as presented in the book Sets for Mathematics by
Lawvere and Rosbrugh [1]. As discussed in that book, in the nineteenth century
George Cantor proved an important theorem using a diagonal argument, which
implies the result

X <2¥ = pX

for all sets X3. The philosopher Bertrand Russell later used Cantor’s diagonal
argument to demonstrate the inconsistency of a system of logic proposed by
Frege. Since then philosophers have referred to Cantor’s theorem as Russell’s
paradox.

Definition 1 Let Y be any object in a some category. An endomorphism T :
Y — Y has an element y : 1 — Y as a fixed point when y -7 = y. The
endomorphism 7 : Y — Y is fixed point free when no element of Y is a fixed
point. The object Y has the fixed point property when no endomorphism T :
Y — Y is fized point free; that is, every endomorphism 7 :Y — Y has at least
one fized point.

Although there are objects in the category of continuous spaces with the
fixed point property (Brouwer: n-dimensional unit ball), most abstract sets do
not have the fixed point property. We prove the contrapositive of Cantor’s
theorem.

Theorem 1 Suppose there is a set X and a function ¢ : XxX — Y whose
curry ¢ : X — YX, where ¢(a) = ¢(a,-) for all a € X, is surjective; that is,
such that for every function f : X — Y there is at least one element a € X such
that f = gf)(a) = ¢(a,-). Then'Y has the fixzed point property.

Proof: Consider any endofunction 7 : ¥ — Y. We must show that 7 has a
fixed point. Using the diagonal function dx : X — X x X, define the function
f=0x-9¢-7: X - XxX — Y — Y. In other words, for all x € X,
f(z) = 7¢(z,x). By the assumption, f = ¢(a,-) for some element element
a € X; that is, f(x) = ¢(a, z) for some element element a € X and all elements
x € X. Hence, 7¢(z,z) = ¢(a,z) for all x € X. In particular, letting = q,
T¢(a,a) = ¢(a,a). Hence, ¢(a,a) = ¢(dx(a)) is a fixed point of 7. |

Corollary 1 (Cantor) If a set Y has at least one endofunction 7 :' Y — Y
with no fixed points, then for every set X there is no surjection X — Y.

Corollary 2 For any set X,

X < 2% = pX.

3For sets X and Y, the inequality X < Y means that there exists at least one injection
from X to Y, and the strict inequality X < Y means X <Y and that no surjection X — Y
exists.



Proof: Logical negation — : 2 — 2 has no fixed point. Hence, there is no
surjection X — 2% = pX. But, singleton {-} : X — 2% = pX is injective. ®

Corollary 3 There cannot exist a “universal set” U for which every set X is
a subset X CU.

Proof: If so, then the inclusion X < U is an injection, hence the exponent
2V — 2% ig a surjection. Define X = 2V to get a contradiction. [ |

Corollary 4 The set of all sets set is not a set.

Proof: If set were a set, then U = |Jset = [J{X | X € set}, the union of all
sets, would be a well-defined set. But, U would clearly be a “universal set”.
Hence, the assumption that set is a set leads to a contradiction. [ ]

Let us take inventory of the assumptions on sets that were needed to prove
this. We have assumed that sets have: (basic) singleton maps, diagonal maps,
local unions, the two-element (truth-value) set 2, logical negation; (finite lim-
its) terminal elements, finite products; and (exponents) exponent sets, curry
operators, exponent functions.

What is the meaning of “local union”. A local union operator at level n
maps a level n set of level n sets to a level n set (consisting of all elements
in at least one of the component sets), and hence is a function |J : pset, —
set,, where pset, = {X C set, | X € set,}. A local union is equivalent to
an “indexed union”, which takes an level n indexed collection of level n sets
{X; € set,, | i € I € set,} to a level n set. These notions are stronger than
an ordinary “powerset union” operator |J : ppX — X for some level n set
X € set,.

Let set; denote the collection of all sets. One consequence of Cantor’s diag-
onal argument ([1], [2]) is that this is not a set. We discuss Cantor’s diagonal
argument in Appendix 3. In working practice, mathematicians distinguish be-
tween ordinary collections, such as the collection of all the current occupants of
Paris or the collection of all of the stars in the Milky Way galaxy, from “larger”
collections such as set;. The latter kind of set is called a large set or a proper
class, while the ordinary kind of set is called a small set or just set. Let sets
denote the collection of all classes. All small sets are classes set; C sets, and
the collection of all small sets is a class set; € sety, but there are some classes
that are not small sets, such as set; ¢ set;. In practice, in particular in the
application of category theory, mathematicians sometimes need to distinguish
an even “larger” kind of collection, called a very large set or a proper collection.
This results in the beginning of a chain: set; C sety C sets ... . This chain is
at the heart of the IFF metastack, and results in the architecture visualized in
Figure 2, which includes not only a chain of different kinds of sets, but also (us-
ing pullbacks, in particular optimal restriction on functions and abridgment on
relations) corresponding chains of functions and (binary) relations. The supre-
mum of all three chains are the generic sets, functions and relations axiomatized
in the Ur meta-ontology. The necessary ingredients for describing the items in
the Ur meta-ontology is axiomatized in the meta namespace.



4 Portals

4.1 First Order Logic

The first order logic (FOL) representation of object-level ontologies is of great
interest in the online world. Here we discuss how the IFF handles this topic. Any
standard representation mechanism, such as the Resource Description Frame-
work (RDF), the Web Ontology Language (OWL), the Common Logic standard
(CL), or the Conceptual Graphs standard (CG), will need to have a correspond-
ing IFF module defined for transformation of logical expressions into the IFF.
Such a module is called a portal. Currently, the IFF has documents describing
tentative versions of portals for CGs, traditional logic and CL (this is not up-to-
date, since the CL standard is currently under intense development). Clearly,
portals need to be defined for RDF and OWL, and perhaps other standards
such as the Suggested Upper Merged Ontology (SUMO), the formal specifica-
tion notation Z based on set theory and first order predicate logic, the logical
language created by Cycorp called CycL, etc.

The basic mechanism for the transformation of external logical expression
into the IFF by means of a portal is relatively straightforward. Each standard
will have a grammar, permitting any FOL logical expression to be parsed. Ap-
propriate semantic actions can be associated with the production rules for such
a grammar. Each parse tree resulting from the parse of any FOL expression
(formula) will have an associated syntax tree for the expression. One set of
semantic actions will specify the construction of this syntax tree. However, of
much more interest to an IFF portal is the set of semantic actions that call
upon appropriate elements of the IFF to build the internal representation of the
expression. The transformation of an external logical expression has two phases:
build the constituent internal term tuples, then build the internal expression.

Let L = (var(L),ent(L), rel(L), #1,0L) denote any many-sorted FOL lan-
guage*® consisting of an adequate, possibly denumerable, set of indexing ele-
ments (variables) var(L)%, a set of sorts (entity types) ent(L), a set of rela-
tion symbols (relation types) rel(L), an arity function #y, : rel(L) — pvar(L)
mapping relation symbols to the associated indicia’, and a signature function
oL : rel(L) — tuple]var(L), ent(L)] mapping relation symbols to the associated
tuple of indexed argument sorts, where #r(p) = src(OL(p)) for every relation
symbol p € rel(L)8.

Term Tuples: Because we have ignored function symbols, term tuples are

4For simplicity we have omitted function symbols (function types) and the resulting Law-
vere category of term tuples. When function symbols are included, term tuples replace sub-
stitutions.

5Languages are called signatures in the theory of institutions.

6This generalizes the usual case where sequences are used — the advantage for this generality
is elimination of the dependency on sequences and natural numbers.

7An indicia X is a subset of indexing elements X C var(L).

8For any relation symbol p € rel(L), an external arity form is (p,x1,x2,---,Tn) where
#1.(p) = {z1,22, -+, zn}, and an external signature form is (p,z1: a1, T2:q2,  ,Tn:an)
where 0L (p) = (z1: 1, 22: 2, +, Tnian).



somewhat trivial. They are called substitutions. For any language L, a
substitution h : src(h) — tgt(h)? of L is a surjective map between variable
sets src(h),tgt(h) C var(L)!°. Let subst(L) denote the set of substitu-
tions. There is a trivial Lawvere category Law(L), whose object set is the
set of indicia pvar(L) and whose morphism set is the set of substitutions
subst(L).

Expressions: An expression (formula) of L is just like a relation symbol,
it has an arity and a signature; in fact, as we discuss below, ex-
pressions are natural extensions to relations with each language induc-
ing (and contained in) an associated expression language expr(L) =
(var(L), ent(L), expr(L), #expr(L)> Qexpr(L))- The set expr(L) of expressions
(formulas) of L, along with its arity function #eepr(r) : expr(L) — gvar
and signature function Oepr(r) : expr(L) — tuple|var(L),ent(L)], can be
inductively defined.

e An atom is a relational expression or substitutable pair (p, h), consist-
ing of a relation symbol p and a substitution h, where the relational
arity is the substitution source'!. Thus, the set of atoms is defined
to be atom(L) = rel(L)xarrysubst(L) = {(p,h) | p € rel(L),h €
subst(L) | #1L(p) = src(h). The arity of an atom (p, h) is tgt(h) and
its signature is defined along the substitution map h. Note that the
substitution trail remains in this notion of an atom: for example, the

two marital relational expressions
(married, man: Person, woman: Person)[man— husband, woman— wife))
(married, first: Person, second: Person)|first— husband, second— wife)],

which normally quotient to

(married, husband: Person, wife: Person),
are distinct, though logically equivalent, expressions. There is an
injection t@ : atom(L) — expr(L).

e Let ¢ € expr(L) be any expression. The negation is an expression
- € expr(L) with the same arity and signature. Define the set of
negations as neg(L) = {—}xexpr(L) = expr(L). There is an injection
- : neg(L) — expr(L) that differs from the above bijection.

e A pair of expressions is compatible when their signatures match on
the overlap of their arities. The pullback of compatible pairs of ex-
pressions is expr(L)® expr(L) = expr(L) X gvar(ryexpr(L)
= {(09) | .9 € expr(L), (va) (z € #1, () () = O(0) (x) = O ()())}.
Let ¢ € expr(L) and ¢ € expr(L) be any two compatible expressions.
The conjunction, disjunction, implication and equivalence are expres-
sions (@AY), (eV)), (=), (p=1)) € expr(L), whose arities are the
union of those for ¢ and ¢ and whose signatures are defined accord-
ingly.

9An external form for h is (z1+—y1,Z2+y2, -, Tnr>yn), where src(h) = {x1,x2, -, Tn}
and y1,y2, - - yn € tgt(h).

10A change-of-variables is a substitution that is a bijection.

LA suggestive external form is (p,x1: a1, z2: a2, -+, Tn: ay)[h] for an atom.

10



— Define the set of conjunctions as conj(L) = {A} xexpr(L)® expr(L) =
expr(L)® expr(L). There is an injection ¢, : conj(L) < expr(L).

— Define the set of disjunctions as disj(L) = {V} xexpr(L)® expr(L) =
expr(L)® expr(L). There is an injection ¢y : disj(L) < expr(L).

— Define the set of implications as impl(L) = {=} xexpr(L)® expr(L) =
expr(L)® expr(L). There is an injection ¢, : impl(L) < expr(L).

— Define the set of equivalences as equiv(L) = {<} xexpr(L)® expr(L) &
expr(L)® expr(L). There is an injection te, : equiv(L) — expr(L).

e Any language L has a set of cases or roles'? that is the coprod-
uct of its arity function (regarded as a discrete diagram of sets)
case(L) = Z#L = ZpErel(L) #L(p) = {(,O,fﬂ) ‘ p € reI(L)’x €
#1L(p)}. Let (p,x) € case(expr(L)) be an expression case, consist-
ing of an expression ¢ € expr(L) and a variable € #expr(w)(¥)
in its arity. The existential and universal quantifications are ex-
pressions (3x)y, (Vx)e € expr(L), whose arities are the difference
#expr(L)((ax)Qp) = #expr(L)((vx)@) = #expr(L) (@)_{ﬁ} and whose sig-
natures are defined accordingly.

— Define the set of existentially quantified expressions as exist(L) =
{31 X X cexpr(n) #expr(r) () = {T} xcase(expr(L)) = case(expr(L)).
There is an injection ¢3 : exist(L) < expr(L).

— Define the set of universally quantified expressions as forall(L) =
{VIX X peexpr(n) #expr(n) (9) = {V} xcase(expr(L)) = case(expr(L)).
There is an injection uy : forall(L) < expr(L).

The set of expressions is formally defined as the fixpoint solution

expr(L) = atom(L)

+neg(L)

+ conj(L) + disj(L) 4 impl(L) 4 equiv(L)
+ exist(L) + forall(L)

atom(L)

(o} % expr(L)

+{N,V,=, &} X expr(L) ® expr(L)
+{3,V} X case(expr(L))

1%

This is a sum (disjoint union or coproduct) with sum (coproduct) projections
being the above injections (Figure 3). Amongst many other things, the IFF
Ontology (meta) Ontology (IFF-ONT) and the IFF First Order Logic (meta)
Ontology (IFF-FOL) contain representations for

Languages: The original many-sorted FOL language L, and the expression
language expr(L);

12The terminology of case relations or thematic roles is introduced in IFF languages for two
reasons: to define the passage from languages (hypergraphs) to spangraphs; and for use in
defining expressions.

11



atom(L)
{—=} X expr(L) A
h@‘ expr(L)
{A,V,=, &} x expr(L) @ expr(L) L%
{3,V} x case(expr(L)) /

Figure 3: The set of expressions as a coproduct

Sets: Variables var(L), indicia pvar(L), relation symbols rel(L), function sym-
bols ftn(L), substitutions subst(L), terms trm(L), term tuples tpl(L), re-
lational expressions, equations eqn(L), atoms atom(L), negations neg(L),
conjunctions conj(L), disjunctions disj(L), implications impl(L), equiva-
lences equiv(L), cases case(L), existentially-quantified expressions exist(L),
universally-quantified expressions forall(L) and expressions expr(L);

Functions: The arity function #p, : rel(L) — pvar(L), the signature function
oL : rel(L) — tuple[var(L),ent(L)], the atom injection tq : atom(L) —
expr(L), the negation injection ¢, : neg(L) — expr(L), the conjunction
injection ¢ : conj(L) < expr(L), the disjunction injection ¢y : conj(L) —
expr(L), the implication injection ¢ : conj(L) < expr(L), the equivalence
injection te : conj(L) — expr(L), the existential injection ¢3 : exist(L) —
expr(L) and the universal injection ¢y : forall(L) — expr(L).

Many of these will be used to build an internal representation of an external
expression. For example, consider the logical expression

¢ = (Yx : object)(Vy : object)(above(z,y) < (on(z,y) V (32z)(on(z, z) A above(z,y)))),

which renders the natural language expression

“An object X is above another object Y if X is directly above Y or else
there is another object Z directly below X such that Z is above Y.”

Let us assume that ¢ is an expression in a many-sort FOL language L = world,
p € expr(world). Also, ¢ contains one entity type (sort) object € ent(world),
and two relation symbols on, above € rel(world). The expression ¢ has the
following constituents of various kinds.

12



abstraction  expression abbreviation

o object

o (on,0:0,1:0)

B (above, 0:0, 1:0)

h1 (OH:L'V 1Hy)

ho (O—z, 1—2)

h3 (OHZv 1Hy)

01 ta(a, ht) on(z,y)

02 ta(e, h2) on(z, z)

Y1 ta(B,h1) above(z,y)

g ta (B, h3) above(z,y)

5 ta(f2,¢2) (on(z, z) A above(z,y))

5 3(rz) (32)(onlz, ) A above(s)))

4 e (01,9) (on(z,y)
V(3z)(on(z, z) A above(z,y)))

€ [’<:>(’¢J176) (above(:c,y) g (on(x,y)
V(3z)(on(z, z) A above(z,y))))

é (e, y) (Yy : object)(above(x,y) < (on(z,y)
V(3z)(on(z, z) A above(z,y))))

© (€, x) (Vz : object)(Vy : object)(above(z,y)

< (on(z,y) V (32z)(on(z, z) A above(z,y))))

kind

entity
relation
relation
substitution
substitution
substitution
atom
atom
atom
atom
conjunction
existential
disjunction

equivalence
universal

universal

Clearly, the internal representation for the expression ¢ can be incrementally
built from suitable functionality in an implementation of the meta-ontologies
IFF-ONT and IFF-FOL. In order for this to be possible, various aspects of the
terminology in these meta-ontologies must be suitably implemented.
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5 Implementation

Here we begin a summary discussion of the IFF implementation. The IFF
designer/axiomatizer can offer advice about the desirable behavior of the IFF
implementation, but the IFF implementer should make the decisions about the
proper realization of the IFF implementation.

In the large scope, the IFF has metalevels, namespaces and meta-ontologies.
Namespaces are either atomic or molecular. Atomic namespaces (such as the ob-
ject namespace for pullback diagrams with namespace prefix dgm.pbk.obj), are
not further resolvable, whereas molecular namespaces, (such as the namespace
for pullback diagrams with namespace prefix dgm.pbk, which groups together
the atomic namespaces for pullback diagram objects and pullback diagram mor-
phisms, or the namespace for diagrams with namespace prefix dgm, which groups
together all molecular and atomic namespaces for diagrams of limits and col-
imits) group allied molecules and atoms. Namespaces and meta-ontologies are
also called modules.

The metalevels are numbered with natural numbers: level 0 indexes the
object level; level 1 and higher index meta levels, where level 1 indexes modules
that involve only set-theoretically “small” structures, such as ordinary groups
and group homomorphisms, topological spaces and continuous maps, vector
spaces and linear transformations, classifications and infomorphisms, concept
lattices and concept morphisms, etc; level 2 indexes modules that involve either
set-theoretically “small” structures such as the above or set-theoretically “large”
structures, such as large categories, functors between alrge categories, large
classifications needed for institutions, etc; the Ur level contains all of the lower
metalevels indexed by whole numbers. The Ur level and its subsumed lower
metalevels are called the natural part of the IFF architecture. An important
design goal: the natural part of the IFF should satisfy the categorical design
principle — all axioms are atomic, being either relational expressions, equations
or set declarations.

Just above the natural part of the IFF is the meta namespace. Full first
order expression is allowed in the meta namespace, which services the natural
part of the IFF. In order to declare and express the axiomatization of the meta
namespace according to the IFF grammar, the type namespace is axiomatized
above the meta namespace. The type namespace introduces the four architec-
tural partial orders of subset, (optimal-)restriction and abridgment. The iff
namespace is axiomatized above the type namespace, in order to introduce the
three architectural kinds of set, (unary) function and (binary) relation. In ref-
erence to the IFF kernel architecture illustrated in Figure 2, the iff namespace
corresponds to the horizontal structure and the type namespace corresponds to
the vertical structure. The meta namespace, the type namespace and the iff
namespace are closely related to the IFF grammar (see the IFF Syntax docu-
ment), which specifies the correct form for IFF expressions.

Set, Function, Relation: The IFF grammar can be used to construct data
structures or a “database” for the set-function-relation type aspect of the

14



IFF. This type aspect consists of the set, (unary) function and (binary)
relation symbols, as illustrated in the mathematical terminology of the IFF
metashell. All the type information in the metashell should be constructed
by the implementation.

e Whenever an atomic expression (type declaration) in one of the forms

“(iff:set A)”,

“(type:set A)” or

“(meta:set A)”
is encountered during the parse, the term “A” always represents a set
A at the corresponding metalevel.

e Whenever an atomic expression triple (type declaration) in one of
the forms

“(iff:function f)” “(= (iff:source f) A)” “(= (iff:target f) B)”,
“(type:function £)” “(= (type:source f) A)” “(= (type:target f) B)” or
“(meta:function £)” “(= (meta:source f) A)” “(= (meta:target f) B)”

is encountered during the parse, the term triple (“¢”,“a”,“B”) always
represents a function f : A — B with source dy(f) = A and target
01(f) = B at the corresponding metalevel.

e Whenever an atomic expression triple (type declaration) in one of
the forms

“(iff:relation r)” “(= (iff:set0 r) A0)” “(= (iff:setl r) Al1)”,
“(type:relation r)” “(= (type:setO r) A0)” “(= (type:setl r) A1)” or
“(meta:relation r)” “(= (meta:setO r) A0)” “(= (meta:setl r) Al1)”

is encountered during the parse, the term triple (“r”,“a0”,“a1”) always
represents a relation r : Ay — A; with domain og(r) = Ap and
codomain o7 (r) = A; at the corresponding metalevel.

Subset, (Optimal-)Restriction, Abridgement: The IFF grammar can be
used to construct data structures or a “database” for the subset-restriction-
abridgment type constraint aspect of the IFF. This type constraint aspect
consists of the subset, (optimal) restriction and abridgment binary rela-
tionships between set, function and relation symbols, respectively. All the
type constraint information in the metashell tables should be constructed
by the implementation.

e Whenever an atomic expression (type constraint) in one of the forms

“(type:subset A B)” or
“(meta:subset A B)”

is encountered during the parse, the set A represented by the term
“A” should always be regarded as a subset of the set B represented
by the term “B”: A C B.

e Whenever an atomic expression (type constraint) in one of the forms
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“(type:restriction f g)” or
“(meta:restriction f g)”

is encountered during the parse, the function f : 9o(f) — 01(f) rep-
resented by the term “f” should always be regarded as a restriction
of the function g : 9y(g) — 01(g) represented by the term “g”’: f C g,
with 9o (f) € do(g), 01(f) € Oi(g) and do(f) S g~ (91(/))-

e Whenever an atomic expression (type constraint) in one of the forms

“(type:optimal-restriction f g)” or

“(meta:optimal-restriction f g)”
is encountered during the parse, the function f : do(f) — 01(f)
represented by the term “f” should always be regarded as the op-
timal restriction of the function g : do(g9) — 01(g) represented by
the term “g”: fLC g, with 9o(f) C do(g), 01(f) € d1(g) and 9y(f) =
g 1(01(f)). Clearly, optimal restriction is a subrelation of restriction.

e Whenever an atomic expression (type constraint) in one of the forms

“(type:abridgment r s)” or
“(meta:abridgment r s)”

is encountered during the parse, the relation r : oo(r) — o1(r) repre-
sented by the term “r” should always be regarded as the abridgment
of the relation s : o¢(s) — o01(s) represented by the term “s”: r <'s,
with og(r) C og(s), o1(r) C o1(s) and the extent of r the optimal re-
striction of the extent of s to the component sets of 7, ext(r) C ext(s).
Pointwise, for all z¢ € o¢(r) and z1 € o1(r), r(zo, z1) it s(zo,x1).
This is a limit (multipullback) relationship between extents.

The four architectural endorelations, subset C, restriction T, optimal-
restriction C and abridgment <, are partial orders'®. These partial orders,
which include the corresponding partial orders at each metalevel, span all
metalevels.

Type Correctness: The IFF grammar can be used for type correctness in set
membership, function application and relation invocation: an error should
be signaled,

13The identity endorelation 14 : A — A is defined by (a,a’) € 14 when a = a’. An arbitrary
endorelation r : A — A is reflexive when it contains the identity endorelation: 14 C r. The
composition of two relations r : A — B and s : B — C' is the relation r os : A — C defined
by (a,c) € r o s when there exists an element b € B such that (a,b) € r and (b,c) € s. An
arbitrary endorelation r : A — A is transitive when it contains its square: 7 or C r. The
transpose of a relation r : A — B is the relation r°P : B — A defined by (b,a) € r°P when
(a,b) € r. An arbitrary endorelation r : A — A is symmetric when it contains its transpose:
roP C r. The meet of two relations r : A — B and s : A — B is the relation rNs: A — B
defined by (a,b) € rNs when (a,b) € r and (a,b) € s. An arbitrary endorelation 7 : A — A is
antisymmetric when the meet of it and its transpose is contained in the identity: rN7r°P C 1 4.
An arbitrary endorelation r : A — A is a preorder when it is reflexive and transitive. An
preorder r : A — A is a partial order when it is antisymmetric. An arbitrary endorelation
r: A — A is an equivalence relation when it is reflexive, symmetric and transitive.
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1. if a set symbol is being used as a function (in a grammatical term)
or a relation (in a relational expression),

2. if a function symbol is being used as a set component for functions
and relations or as a relation (in a relational expression), and

3. if a relation symbol is being used as a set component for functions
and relations or as a function (in a grammatical term).

Well-formed-ness: The IFF grammar can and should be used to check for
well-formed-ness of set membership, function application and relation in-
vocation.

e If the symbol ‘X’ is declared to be a set
(set X)
then we use
(X x)

to express the statement that “ ‘x’ is a member of ‘X’.” Hence, ‘(X x)’
is a well-formed formula, which follows the prescription: all IFF sets
are unary. Hence, the following nullary, binary, ternary and higher
arity expressions are ill-formed

(X)
(X x0 x1)
(X x0 x1 x2)

e Like set membership, function application is represented in prefix
notation. All functions are syntactically unary; n-ary functions are
represented by using term tuple notation.

(=y (£ x))
(=z (g [x y1)

If the symbol ‘£’ is declared to be an function with source set ‘X’ and
target set ‘Y’

(function f)
(set X) (= (source f) X)
(set Y) (= (target f) Y)

then we use

X x) Xy
(=y (£ x))

to express the equality statement that “ ‘y’ is equal to ‘f’ applied
to ‘x’.” Hence, ‘(f x)’is a well-formed term, which follows the pre-
scription: all IFF functions are unary. Hence, the following nullary,
binary, ternary and higher arity expressions are iff-formed

y (£))
y (f x0 x1))
y (f x0 x1 x2))

(
(
(

e Like set membership and function application, relation invocation is
represented in prefix notation. All relations are binary.
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(r x0 x1)

If the symbol ‘r’ is declared to be a relation with zeroth component
set (domain) ‘X0’ and first component set (codomain) ‘X1’

(relation r)
(set X0) (= (setO r) X0)
(set X1) (= (setl r) X1)

then we use

(X0 x0) (X1 x1)
(r x0 x1)

to express the statement that “ ‘x0’ is ‘r’-related to ‘x1’.” Hence,
‘(r x0 x1)’is a well-formed formula, which follows the prescription:
all IFF relations are binary. Unary predicates are represented by
IFF sets. However, the following nullary, unary, ternary and higher
arity expressions are iff-formed

(r)
(r x0)
(r x0 x1 x2)

5.1 Data Structures

Here we summarize the databases or data structures (either internal or external)
that are needed in the IFF implementation.

Sets and Component Functions:
e The set of all sets at any metalevel

set = setiff D Setype O S€tmeta O Setyr.

o The set of all (unary) functions at any metalevel
ftn = ftnig D ftnype D ftNmeta D ftny,, plus the source and target
component maps src = Jy and tgt = 91, which form the span

a by
set & ftn = set.

e The set of all (binary) relations at any metalevel
rel = relig D relype D relmeta D relyr, plus the domain and codomain
component maps setg = g and set; = o1, which form the span

a0 g1
set « rel — set.

Partial Orders

e The subset partial order on sets C : set — set.

e The restriction partial order on functions C : ftn — ftn.

e The optimal restriction partial order on functions C : ftn — ftn with
C CL.

e The abridgment partial order on relations < : rel — rel.
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